METRIC GEOMETRY, FALL 2018
EXERCISE 4, IDEAS FOR SOLUTIONS.

Exercise 1. Suppose that f: Y — R is 1-Lipschitz, and let L be the
bilipschitz constant of . We consider the function g: X — R defined by
g=(fou)/L. Then g is a 1-Lipschitz function.

Let p be an upper gradient of f, let z,2’ € X, and suppose ~v: [a,b] — X
is a rectifiable curve joining x and z’. Then 1o~ is a rectifiable curve joining
t(x) and ¢(z"). We now have

F) — F()] < / pds

Loy
len(to7y)

:/ po(1o) (1) dt.
0

Recalling the function [,(t) = len(vy|jqy), a straightforward bilipschitz
estimate on the definition on len yields

L™ en(vs4) <len(to|y) < Llen(v|ps)
for all s,t € [a,b], and therefore in particular,
L7(1) < Loy () < Liy (1)

for all ¢t € [a,b]. Hence, it is relatively easy (see the methods used in Ex. 4
of the second exercise sheet) to find a bijective increasing o: [0,len(y)] —
[0,1len(c o y)] for which [,., = o ol,. Moreover, by the identity [, (s) —i(t) =
len(v|(s) for s > ¢, it follows easily that o is L-bilipschitz.
Now, we have
(toy)*ocoly=(10y) 0lyoy =toy=1t0v"0l,.
Therefore, by uniqueness of the arc-length parametrization, we see that

(tor) = 107" 00,

With this, we may finally continue our previous estimate on the expression
|f(e(x)) = f(e(2")] by a bilipschitz change of variables
len(co7y)
S~ fe@)] < [ po o) B
0
len(~)
= / povroy*(to'(t')dt’
0

len(7)
<L perertyar
0

:/L-pOLdS.
gl

Dividing both sides by L, we conclude that p o is an upper gradient of g.
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Now, our assumption on X yields that
Lip(g,2)" < Cpou(z)

for p-almost every z € X. Since g = (f o¢)/L, We may compute by the
definition of Lip that

f=) _ fE)
L

Lip(g,z) = limsup

I d(z,z')
1 |f(e(x)) = f(e(2))]
= plmse Ty

1
> — lims
=2 YT A, @)
1

72 Lip(f, ¢(2)),

where the last step uses the fact that ¢ is a homeomorphism. Hence, if
y = t(x) and x satisfies the previous Lip(g, x)-estimate, we obtain

Lip(f,y)" < CL*"p(y).

This holds with v-almost every y, since v is the pushforward of u by a
bijective map ¢ and the Lip(g, x)-estimate holds for p-almost every z € X.
Hence, we may select =7 and C’ = L*7C, and the claim holds.

Exercise 2. We suppose that (X, d) is a Lipschitz differentiability space and
that (U, ¢) is a chart in X, with ¢: X — R™. Let ¢»: X — R" be a Lipschitz
function such that Lip(v - ¢, z) > 0 for every € U and v € R™ \ {0}.

Since (U, ¢) is a chart in a Lipschitz differentiability space, we find a point
xo € U and a unique linear differential map D (zg) : R™ — R™ with respect
to ¢ (see Ex. 5 of the third exercise sheet). Suppose that n > m. Then
Di(xg) is not surjective, and we therefore find a v € R™ \ {0} which is
orthogonal to the entire image of Di)(xo).

By our assumption, we have

0 < Lip(v - 9, xp) = lim sup [v- (@) - ¢($0))|

20 d(z,xp)
However, we may also compute

v (¥(x) — ¢(xo))|

lim sup

T—T0 d(ﬂ?,l’o)
o () — () — Do) () — pleo)]
ac—)a:op d(xva)
(@) — Y(w0) — D(xo)(p(x) — ¢(x0))]

< |v|lim su
< fl?—mop d(z, o)

= 0.
This is a contradiction. Hence, the assumption that Lip(v - ¢,2z) > 0 for

every x € U and v € R™\ {0} necessarily requires that n < m, where m is
the dimension of the target of the chart (U, ¢).
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Exercise 3. Recalling the definitions given, we have that C is the set of
non-empty closed bounded subsets of (X, d), and

dg(C,D) =inf{r >0:C C B(D,r) and D C B(C,r)}

for C, D € C, where B(C,r) is the closed ball of radius r around the set C'.

(i): Suppose that C, D € C. It is clear that dy(C, D) = dgy(D,C). It is
also clear that B(C,0) = C, and hence dg(C,C) = 0.

On the other hand, suppose that C # D. Then one of the two sets has a
point x not in the other — by symmetry we may assume z € C' and = # D.
Since D is closed and bounded, we have 0 < d(x, D) < oo. Hence, for any
r < d(x,D), we have x ¢ B(D,r), and we therefore obtain dg(C,D) >
d(xz,D) > 0. In conclusion, di(C, D) = 0 if and only if C = D.

Remains to verify the triangle inequality. For this, let C, D, E € C. Let
e>0,r=dy(C,D)+e¢eand ' = dy(D,E) +e. Then C C B(D,r) and
D c B(E,r"). It follows that C C B(E,r +1'). We deduce similarly that
E C B(C,r+1"). Hence, dy(C,E) <r+1r' =dy(C,D)+ dy(D,E) + 2e.
By letting € — 0, we obtain the triangle inequality.

(ii): Let for example X = R, C = B(0,1) and D = B(0,1) N Q. Then
D c C = B(C,0), and for every r > 0, we have C C B(D,r). It follows
that dg(C,D) =0, but C # D.

Remark: In a similar manner, dy is not a metric on non-empty closed
subsets, since two sets can have distance oo in this case.

Exercise 4. As described in the exercise, suppose that X is complete and
that (C;) is a Cauchy sequence of C in dy. We may suppose by moving to
a subsequence that dg(Cy,, Cp) < 27" for all m > n. We let C be the set
of points ¢ € X for which there exist points ¢, € C,, so that the sequence ¢,
converges to c.

(i): Pick ¢; € Cy completely arbitrarily. Now by our assumption we have
C1 C B(C9,271), and therefore there exists co € Oy for which d(cq,co) <
271, Similarly, we find c3 € C3 for which d(cz,c3) < 272, and so on. Since
30,270 =1 < oo, it is easily seen that (c,) is a Cauchy sequence. Since
X is complete, (¢,) has a limit ¢, which therefore is in C. Hence, C is
non-empty.

Now suppose ¢ € C' is given by a sequence ¢,. Then there exists some n
for which d(c, ¢,) < 1. Tt follows that ¢ € B(Cp, 1) for some n. We conclude
that

c c |J B(Cn,1).
n=1
However, since we could assume that dg(Cp,C1) < 1/2 for all n, we obtain
that B(Cyp,1) C B(C1,3/2) for all n, and therefore

C c B(CY,3/2).

Hence, C' is bounded.

Remains to check that C' is closed. For this, let (¢™) be a sequence in C
converging to ¢ € X. We wish to show ¢ € C. For every ¢™, let ¢! € C,
converge to ¢™ as n — oo. Then for every m, we find a N(m) so that
d(clr, ™) < 1/m when n > N(m). We may assume N(m + 1) > N(m) for

mn o
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all m. Now, we select ¢, € C), so that ¢, = ¢]'*, where m,, > 0 is the integer
satisfying N(m,) <n < N(m, + 1). It then follows that

d(cp,c) < d(cpm, ™) +d(c™, c) < mi +d(c"™, c).
n

Moreover, m,, — oo as n — oo, as my > m whenever n > N(m). Hence,
d(cp,c) — 0 as n — oco. Now by definition of C we get ¢ € C, and we
therefore conclude that C is closed.

(ii): Let ¢ > 0. We select N to be large enough that 2™+ < ¢, Let
c € C and n > Ni. We may by definition of C pick a Cauchy sequence
(¢m) converging to ¢, with ¢, € Cy, for every m. Then there exists n' >
n so that d(c,cp) < e — 27N+ Since dy(Cpr, Cr—1) < 271, we find
Zn—1 € Cpr—1 with d(cpr, zpr—1) < 27'=1 We then find z,y_o € C,y_9 so that
d(zp—1, 2p—2) < 2"'=2 and so on. Eventually we end up with z, € C,,, and
now

d(c,zn) < d(c,cn) +d(ensy z2nr—1) + d(zp—1, 2 —2) + « o« + d(2Zn41, 2n)

n'—1

< (e—27MFh) 4 Z 9t
i=n

(o)
< (s - 2*N1+1) + Z 27!
i=N1
< (g —27NMtl) o=t
<e.

Hence, ¢ € B(e, Cy).

(#ii): Suppose then that N > 0 and ¢* € Cy. We construct a sequence of
cn, € C), as follows. For n < N, we let ¢, be an arbitrary point of C,,. For
n = N, we select ¢, = ¢*. If n > N, we note that since dg(Cpy1,Chp) <
27" there exists ¢p41 € Cpt1 for which d(ept1,¢,) < 27", This lets us
inductively select ¢, for n > N.

Now the sequence (c,) is Cauchy, since d(c,,cn) < 277! for m > n.
By completeness of X, it has a limit ¢ € X, and by definition of C we
have ¢ € C. Moreover, d(c*,c) = d(cy,c) < 27NV+1. Hence, we obtain
that Cy € B(C,27N+1) and therefore that dg(C,,C) — 0. In conclusion,
(C,dp) is complete.

Exercise 5. Suppose that X is totally bounded. As described in the hint,
let € > 0, use total boundedness of X to select x1,...,x,, for which X =
B(z1,e)U...UB(zm,¢), and then let B be the collection

k
B = UB(xji,e):lgjiSm,lgk‘Sm
j=1

Suppose then that C is a nonempty closed bounded subset of X. We let
C: be the union of those balls B(z;,e) which C intersects. Then C. € B.
We clearly have C' C C.. Moreover, if C intersects B(z;,¢), then there exists
c € C N B(z,¢), and we have B(z;,e) C B(c,2¢). Hence, C. C B(C,2e),
and therefore dy(C,C:) < 2e. We conclude that every C' € C is at most
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dp-distance 2e away from a set of B, and therefore that (C,dy) is totally
bounded.

Exercise 6. For the first direction, let X be compact, and let C, € C.

(i): Consider the function f, : z — d(x,C,) on X. Since X is compact,
there exists a maximal distance d < oo between any two points of X, and
therefore the image of f,, is contained in [0, d] for all n.

We wish to show that f, is 1-Lipschitz. Let z,y € X, and suppose f,,(z) >
fn(y). Since Cy, is closed nonempty and X is compact, there exists y' € C,,
so that d(y,Cy) = d(y,y’). Now

’fn(x) - fn(y)| = fn(x) - fn(y)
=d(z,Cy) —d(y,Cp)

<d(z,y') —d(y,v)
<d(z,y).

Hence, f, is 1-Lipschitz. Now the Arzela—Ascoli -theorem lets us obtain a
1-Lipschitz limit f of f, after moving to a subsequence.

(ii): We let C = f~1{0}. Since f is continuous, C is closed, and since
X is compact, C' is bounded. Moreover, there exists ¢, € C, for every n,
and therefore f,,(c,) = 0 for every n. By compactness of X, we may select
a subsequence of ¢, which converges to some ¢ € X. Since all f,, are 1-
lipschitz, |fn(c)] < d(c,cpn). It follows that f(c) = 0, and therefore C' is
nonempty. Hence, C' € C.

Next, we show that in fact, f(z) = d(z,C) for all z € X. Suppose that
x € X. Since C is closed nonempty and X is compact, there is a point ¢ € C
closest to x. Since f is a pointwise limit of 1-Lipschitz maps, f is 1-Lipschitz.
Therefore, using the fact that f(c¢) =0 and f > 0, we obtain

f(@) = f(z) = ()] < d(z,c) = d(z, C).

For the converse inequality, for every n > 0, let ¢, € C),, be the closest
point to x in C,, as above. Then similarly as before, there is a subsequence
(¢pn,;) which converges to some ¢’ € X, and ¢ € C since the fact that f,, are
1-Lipschitz implies |fy, (c)| < d(c, ¢p,). Now

d(z,C) < d(x,c)

= lim d(z, cy,)
1—>00

= f(z).

We conclude that f(z) = d(z,C) for all z € X.

Now, we note that since f, are continuous and X is compact, we in fact
have f, — f uniformly. Hence, for every € > 0, there exists N, for which
|f — fn] < € everywhere on X. Suppose that n > N.. Since f|c = 0,
we have f,|c < e. Now it follows that d(z,C,) = fu.(x) < e for every
x € C, and therefore C' C B(Cy,e). Similarly, since f,|c, = 0, we have
fle, < e. Since we showed that f(z) = d(z,C) for all z € X, we obtain
that d(z,C) = f(z) < ¢ for every x € C), and therefore C,, C B(C,e). We
conclude that di(Cy,C) < ¢ for all n > N, and therefore C,, — C in dy.
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Now for the other part of the exercise, suppose that X,Y are compact
metric spaces and f,: X — Y are L-lipschitz. Let C, be the graph of f,,
comprised of points of the form (z, f(z)) in X x Y.

(#4i): The maps g,: X — X xY defined by g, = (idx, f,) are continuous,
since their component functions are continuous. Hence, for every n, we have
that C,, = ¢,(X) is a continuous image of a compact space, and therefore
C,, is compact.

(iv): By the previous two exercises, C(X x Y') is complete and totally
bounded under dp, and therefore compact. Therefore, by moving to a sub-
sequence, we may assume C,, — C € C(X xY) in dy. We wish to show that
C is the graph of some function f: X — Y.

There are two ways in which C' can fail to be a graph of a function: either
if some point x € X has multiple images (points of the form (x,y) where
y €Y)in C, or if some x € X has no images in C. Consider first the case
of multiple images: suppose that (z,y) and (x,y’) are both in C. Since C,
converge to C'in dp, we find (2, fn(zn)) € Cy and (2, frn(z),)) € Cy, which
converge to (z,y) and (z,y’), respectively. Now

d(y,y") < d((z,y), (z,y))
< limsup d(xn, z},) + d(fn(zn), fn(z],))

n—oo

< limsup(L + 1)d(zy, },)

n
n—oo

=0.

Hence, y = /. Therefore, there is no point # € X which has multiple images
in C.

Consider now the other case: suppose to the contrary that x € X has no
images in C, that is, CN ({z} xY) = 0. Since C and {z} x Y are compact,
we can therefore select an € > 0 for which B(C,¢) and B({z} x Y,¢) are
disjoint. However, since C, N ({x} x Y) is nonempty for every n, we now
have that no C), is contained in B(C,¢). This contradicts dg-convergence of
C, to C. Therefore, C N ({z} x Y) # 0 for every z € X.

We have obtained that for every z, there is a unique (x,y) € C. Therefore,
C is the graph of a function, which we may denote by f.

(v): We now wish to show that f, — f uniformly. Select N, such that
di(Cy,C) < & whenever n > N.. Hence, for every x € X and n > N,
there exists 2’ € X for which d((z, f(z)), («/, fu(2"))) < e. It follows that
d(z,z') < e and d(f(x), fu(2")) < e. We may therefore estimate

d(f(x), fa(2)) < d(f(2), ful@")) + d(fula’), fu())
< d(f(z), fu(a")) + Ld(2', 7)
< (14 L)e.

This shows uniform convergence of f,, to f (which also consequently implies
that f is L-Lipschitz).
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