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Part 1. General measure theory
1. MEASURES

We wish to assign a value to the size of subsets of some given space, such as the
length, area or volume of subsets of R™.

Definition 1.1. A measure p on a set X is a function
u:{A:AC X} —0,00]
such that

(1) pu(0) =0;
(2) u(A) C p(B) whenever A C B C X;

Date: Autumn 2021.



2 DAVID BATE

(3) m(Usern Ai) <D ien m(A;) whenever Ay, Ag, ... C X.
A function satisfying (2) is said to be monotonic and a function satisfying is said
to be countably sub-additive.

Definition 1.2. Let p be a measure on a set X. A set A C X is u-measurable if,
for every £ C X,

(L1) W(E) = w(B N A) + p(E\ A).

Remark 1.3. (1) Since a measure is countably sub-additive, it is sufficient to
check the > inequality in .
(2) In particular, it suffices to check for E C X with u(E) < oo.
(3) If A is p-measurable then so is X \ A.
(4) If u(A) = 0 then A is p-measurable.

Definition 1.4. If i is a measure on a set X and S C X, the restriction of u to A
is defined as

uls(A) == p(S N A).

Lemma 1.5. Let p be a measure on a set X and S C X. Then p|s is a measure
on X and any p-measurable set is also u|s-measurable.

Proof. The fact that p|g is a measure follows immediately from the fact that p is a
measure. If A C X is gy-measurable, then for any F C X,
pls(E) =p(ENS) =pw(ENSNA) +p(ENS\ A)
= pls(B N A) + pls(B\ A),
as required. O

Theorem 1.6. Let y be a measure on a set X and let M be the set of u-measurable
subsets of X.

(1) If Ay, Ay, ... € M then UiEN A; € M and miEN A; e M.
(2) p is countably additive on M. That is, if A1, As... € M are disjoint then

10 (U Ai) = u(A).
€N ieN
(3) If Ay C Ay C ... € M then
u (U Az’) = lim p(A;).
1€EN
(4) If Ay D A2 D ... € M and u(A1) < oo then
[t (ﬂ Ai) = lim p(4).
1€N
Proof. We first prove for finite unions and intersections. If A, B € M then for
every E C X,

H(E)

(B A) + (B A)
— u(ENA) + p((E\ A) N B) + u(E\ (AU B))
> u(EN(AUB)) + u(E\ (AU B))

by sub-additivity. Thus A U B is u-measurable and induction gives finite unions.
Taking complements gives finite intersections.
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To prove note that the inequality < is given by sub-additivity. For the other
inequality, for each 7 € N let A; € M be disjoint and for each j € M let

J
B; =] 4,

i=1

which is measurable by . Note that
Bj=B;_1UA;
and that this union is disjoint. Therefore, since A; is y-measurable,
u(Bj) = u(Bj N Aj) + u(Bj \ Aj)
= p(A4;)) + p(Bj-1),

since the A; are all disjoint. Therefore, by induction, u(B;) = g:l wu(A;) for each
j € N. Finally, for each j € N, since p is monotonic,

j
m (U A¢> > u(By) =Y p(As)

i€N i=1
and so letting j — oo gives .
(3) follows by applying to the disjoint measurable sets B; = A; \ A;_1.
(4) follows from by setting B; = A \ Aj, so that

Al = ﬂ A; U U B;
1€EN €N
and the Bj increase. By sub-additivity,

umﬁéu(ﬂA0+ﬁguwﬂ

1€N
= (ﬂ Ai) + lim pu(Ar) — p(4;),

1eN
by applying for finite unions. Since p(A;) < oo, follows.
Finally, to prove for countable unions, for each j € N let

J
B; =] 4,
=1

an increasing sequence, and let £ C X with pu(E) < oco. Since the Bj are p-
measurable,

p(E) = lim p(ENBj) + lim p(E\ By)
j—o0

Jj—o00

:u<EﬂUBJ+ﬂ(E\UBJ

1€N €N

:M<EQUA1'>+,U<E\UAZ‘>»

1€N €N

using the fact that the B; are u|g-measurable in the second equality. Taking com-
plements shows that countable intersections of measurable sets are measurable. [
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Definition 1.7. A collection X of subsets of a set X is a o-algebra if

(1) 0 ex;
(2) Ae¥=X\Aeck;
(3) A1, A,... € ¥ = Ujen 4i € Z.

Theorem shows that the set of y-measurable sets is a o-algebra.
For © a set of subset of a set X, the o-algebra generated by € is
$(Q) = ﬂ{Z’ 1Y D Q, ¥ a o-algebra}.

By Exercise[[.2] it is a o-algebra.

The Borel o-algebra of a topological space X is the o-algebra generated by the
open (respectively closed) subsets of X. It will be denoted by B(X) and its elements
called the Borel subsets of X.

A measure for which all Borel sets are measurable is a Borel measure. 1t is Borel
regular if for every A C X there exists a Borel B D A with p(B) = p(A).

Theorem 1.8 (Carathéodory criterion). Let (X,d) be a metric space and p a mea-
sure on X which is additive on separated sets. That is, whenever A, B C X with

inf{d(z,y) :x € A, y € B} >0,
we have
WA U B) = pu(A) + u(B).
Then i is a Borel measure.
Proof. Let C C X be closed and £ C X with pu(E) < co. We need to show
w(E) = w(ENC)+p(E\C).
For each j € N let
1

=

Ej={zecE: jil < dist(x, C)
and
Ey = {z € F : dist(z,C) > 1}.
Since C'is closed,

E\C=EyU|JE;
jEN
Moreover, the E; with j odd are pairwise separated so

wE) > u( | E) =D wE)

7 odd j odd

and so the sum is convergent. Similarly the sum over even indices is convergent and
SO

ZM(Ej) —0 asn— oo.
jzn



Therefore

wE)>p|EnCuUlJE;
=0

= wENC)+u | JE
j=0

> WENC) +p(B\C) =Y n(E)
i>n
— wWENC)+pu(E\C),
using the additivity on separated sets for the equality and countable sub-additivity
for the second inequality. O

Definition 1.9 (Carathéodory construction). Let (X, d) be a metric space, F' a set
of subsets of X and {: F — [0, 00]. For each 6 > 0 and A C X define

Ys(A) = inf Y ((9),

SeG

where the infimum is taken over all countable

Gc{SeF: :diam(S)} <3¢

Ac s

SeG

such that

Finally, define 9(A) = supg-q¢s(A).
For any d > 0, s is a measure, as is ¢. Theorem shows that v is a Borel
measure on X. Indeed, if dist(A, B) > § then

Ys(AU B) > ¢s(A) +¢5(B).
If F' consists only of Borel sets then v is Borel regular.

Remark 1.10. The fact that 15 < )5 whenever §' > ¢ implies that
¥(A) = lim ¢s(A).
6—0

Definition 1.11. We define some properties of a measure p on a topological space
X.

(1) wis locally finite if every point in X has a neighbourhood of finite measure.

(2) p is o-finite if there exist measurable X; C X with u(X;) < oo and X =
Uien Xi-

(3) pis finite if u(X) < oo.

(4) A Borel regular measure u is a Radon measure if
(a) u(K) < oo for all compact K C X,

b) u(A) =sup{u(K): K C A compact} for all Borel A C X.

c) p(A) =inf{u(U) : U > A open} for all Borel A C X.

—~~

Definition 1.12. Let u be a measure on a set X. A property of points in X holds
p almost everywhere (or p-a.e.) if the set of points for which the property doesn’t
hold has p measure zero.
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Definition 1.13. Let X,Y be sets, u be a measure on X and let f: X — Y. The
push forward of p under f, written fup is defined by

Fan(S) = u(f71(5)).

Definition 1.14. The Lebesque measure on R", denoted L", is defined using the
Carathéodory construction with F' the set of cubes and ((Q) = vol(Q). Its measur-
able sets are called the Lebesgue measurable subsets of R™.

The following lemma is very useful.

Lemma 1.15. Let p be a finite measure on a set X and let S be a set of p-measurable
subsets of X. There exists disjoint S; € S such that any S € S with

Scx\Js
1€EN
satisfies u(S) = 0.
In particular, if each p-measurable subset of X of positive measure contains an el-

ement of S of positive measure then we can decompose almost all of X into countably
many disjoint elements of S.

Proof. We find the S; by induction. First let S' C S be countable and disjoint such
that
w(USY) > sup{u(US’) : 8’ € S countable and disjoint} — 1/1.

Now let My be the set of all S’ C S that are countable, disjoint and disjoint from
US!. Let 82 € My be such that
w(US?) > sup{pu(US’) : &' € My} —1/2.

Inductively, given countable, disjoint S',...,S*"! such that each S/ and S* are
disjoint for k < j, let M; be the set of all S’ C S that are countable, disjoint and
disjoint from ST U ... US"!. Let 8! € M; be such that
w(USY) > sup{u(US’) : 8" € M;} —1/i.
We claim that any S € S with
scx\JUs
1€N
satisfies 11(S) = 0. If not, let i € N be such that 1/i < u(S). Then T := S*U{S} €
M; and
w(UT) > sup{u(US’) : &’ € M;} —1/i+ 1/i,
a contradiction. g

1.1. Exercises.

Exercise 1.1. Usually in measure theory, a measure is defined as a countably ad-
ditive function defined on a o-algebra. However, using our definition is simply a
convenience rather than a restriction.

Indeed, suppose u is a countably additive function defined on a o-algebra ¥ of X
with (@) = 0. Show that it can be extended to the power set of X by

(A) =inf{u(B): AC Be X}
and that any B € ¥ is y-measurable. What about
pu(A) = sup{u(B) : AD B € ¥}7?
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Conversely, any measure is countably additive when restricted to any o-algebra
of measurable sets.

Exercise 1.2. Let Q be a set of subsets of a set X. Show that () is a o-algebra.
Note that it is the smallest o-algebra of X containing (2.

Exercise 1.3. Show that the following sets are Borel subsets of R: @, [0, 1), the set
of points in [0, 1] whose first decimal is even.

Let f:[0,1] — [0,1]. Show that the set of points where f is continuous is a Borel
set. What about the set of points where f is differentiable?

Exercise 1.4. Let X be a set and x € X. The Dirac measure at x is defined as
0z(A) =1if z € A, 6,(A) = 0 otherwise. Show that 0, is a measure on X. What
are its measurable sets?

Define the counting measure on X to be the cardinality (finite or co) of any subset
of X. Show that this is a measure. What are its measurable sets?

Exercise 1.5. For (X,d) a metric space and s > 0 the s-dimensional Hausdorff
measure on X, denoted H?®, is defined using the Carathéodory construction with F’
the set of all sets and ((S) = diam(S)*.
(1) Show that £™ and H™ are non-zero, translation invariant and n-homogenous
measures. That is, for any A C R", x € R" and ¢t > 0, L"(A+ z) = L"(A)
and L"(tA) = t"L"(A) (and similarly for H").
(2) On R™ show that there exists a C' > 0 such that H"/C < L" < CH"™.
(3) Let f: X — Y be an L-Lipschitz function between two metric spaces. Show
that for any s > 0 and A C X,

H(f(A)) < L¥H?(A).
(4) For any metric space X, show that H° is the counting measure on X.
(5) For 0 < s < t < oo, suppose that H*(A) < oo. Show that H!(A) = 0.
Hence there exists a single 0 < s < oo for which H!(A) = 0 for all t > s

and H!(A) = oo for all t < s. This ¢ is called the Hausdorff dimension of A,
denoted dimyg A.

Exercise 1.6. The Cantor set K C [0,1] is defined as follows. Let Ky = [0, 1] and
for each ¢ € N let K; be obtained from deleting the “middle third” open interval
from each of the intervals in K;_;. That is, K1 = [0,1/3] U [2/3,1],

etc. Define K = (,cy K. Note that K is compact and hence Borel.

(1) Show that K is uncountable.
(2) Let s =log2/log3. Show that 0 < H*(K) < oco.

In particular, K is an uncountable subset of R with £}(K) = 0.

Exercise 1.7. Give an examples of S C R? with dimyg S = 1 for which H!|g is:
(1) finite,
(2) o-finite but not finite,
(3) not o-finite.

Exercise 1.8. The fundamental properties of measures are those given in Theo-
rem [1.6] in particular countable additivity. It is necessary for us to only require this
to be true for measurable sets, as can be seen from the existence of non-measurable
sets.
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Define a Vitali set as follows. Consider the equivalence relation ~ on R defined
by x ~ y iff t —y € Q. By the density of Q in R, each equivalence class V, intersects
[0,1]. Therefore, by the axiom of choice(!), we may construct a set V C [0,1]
consisting of exactly one member of each equivalence class.

Show:

(1) If p # q are rational then p +V and ¢+ V are disjoint.
(2) 0,1 c Ulg+V:qeQn[-1,1)} € [-1,2].

(3) Show that £'(V) # 0.

(4) Deduce that V is not Lebesgue measurable.

Exercise 1.9. Show that the two extensions given in Exercise may not agree.
For example, after extending Lebesgue measure (restricted to the Borel sets), what
are the values of a Vitali set?

Exercise 1.10. Let p be a finite Borel measure on a metric space X. Prove that
for every Borel B C X,

(1.2) pu(B) = sup{u(C) : C C B closed}
and
(1.3) w(B) =inf{u(U) : U D B open}.

Property (1.2)) is called inner regularity by closed sets and (|1.3) is called outer reg-
ularity by open sets.

Hint: observe that it suffices to show that all Borel sets satisfy (1.2)). Show that
the set

{B C X : B and X \ B satisfy (1.2))}

is a o-algebra that contains all closed subsets of X.

Show that a o-finite p is inner regular by closed sets. Show that a o-finite p is
outer regular by open sets if there exist open sets U; C X with u(U;) < oo for all
i € Nand X = [J;cyU;. Give an example of a o-finite p that is not outer regular
by open sets.

Exercise 1.11. Let X be a complete and separable metric space. Show that any
finite Borel measure on X is a Radon measure.
Hint: a metric space is compact if and only if it is complete and totally bounded.

2. INTEGRATION

Definition 2.1. Let y be a measure on a set X. A simple function is any function

of the form
m
> XA
i=1

where each a; € R and the A; C X are disjoint y-measurable sets. We treat 0-oo = 0.

Definition 2.2. Let p be a measure on a set X and let f: X — R*. The (lower)
integral of f with respect to u is

/fdu = sup {Z aip(A;) s = ZaiXAi </f, s simple} .
i=1

=1
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Definition 2.3. Let p be a measure on a set X. A function f: X — R is u-
measurable if f~'((a,00)) is p-measurable for every a € R.

For f: X — R measurable, let fT = max{f,0} and f~ = max{—f,0} (both
p-measurable), so that f = f* — f~ and |f| = f* + f~. If one of [, f*du and

| + 7 du are finite, we say that f is u-integrable and we define the integral of f with

respect to p to be
/fdu /f*du /f dp.

If only [y f~dp < oo (respectively [y fTdu < co) we write [ fdu = co (respec-

tively [y fdp = —o0).
Let X be a topological space. A function f: X — R is a Borel function if
f~Y((a,0)) is a Borel set for every a € R.

There are some simple properties of the integral to check, such as linearity and
monotonicity. See Exercise 2.3

Linear combinations of measurable functions are measurable, as are limits of mea-
surable functions. See Exercise 2.2

Theorem 2.4 (Fatou’s lemma). Let 1 be a measure on a set X and fr: X — [0, 00]
w-measurable. Then

/ liminf fr dp <lim inf/ frdp.
X k—o0 k—o0 X
Proof. Let

m
s = E ;X A;
i=1

s < liminf f.
for each x € A; and each 1 <i<m and let 0 <t < 1. For each 1 <14 < m, the sets
Gri:={x € A; : fy(x) > ta; for all j > k}

monotonically increase to A; as k increases. Therefore

/fk dp = taip(Gry) = Y taip(A)
=1 =1

be a simple function with

and hence .
Ztai,u(Ai) < lim inf/fk dp.
1 k—oo
Since 0 < t < 1 is arbitrary, the conclusion follows. O

Remark 2.5 (Reverse Fatou). Suppose that there exists g > 0 with [ gdu < co and
fr < g for all k. Then

limsup fr du > lim sup/ frduy.
X

k—o0 k—oo

Indeed, this follows by applying Fatou’s lemma to g — f%.

Theorem 2.6 (Monotone convergence theorem). Let 1 be a measure on a set X
and fr: X — [0,00] p-measurable. Suppose that for every x € X and all k € N,

frs1(z) > fr(x). Then
Jm / Jedp = / Jim f dp.
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Proof. The monotonicity of the integral gives < whilst Fatou’s lemma gives >. [

Theorem 2.7. Let i be a measure on X and f,: X — R p-measurable such that
fn = [ pointwise. Suppose that there exists measurable g: X — [0, 00] with [ gdp <
oo such that |fn(x)| < g(x) for all x € X. Then

/fnd,u—>/fd,u.

Proof. Observe that for all n € N, |f — f,,| < 2¢ and that limsup |f — f,| = 0. Then
by the reverse Fatou lemma,

‘/fdu—/fndu'</|f—fn|du—>0.

2.1. Exercises.

Exercise 2.1. For ;1 a measure on aset X, let f: X — R be measurable, respectively
Borel. Show that the pre-image of any Borel B C R is p-measurable, respectively
Borel. Compare this to the definition of a continuous function.

Exercise 2.2. Let u be a measure on X and for each i € N let f;: X — R be
p-measurable. Show that the functions

limsup f; and liminf f;
i—00 100

are p-measurable.
Show that a linear combination of p-measurable functions is py-measurable. Show
that a countable (pointwise) sum of py-measurable functions is y-measurable.

Exercise 2.3. There are some simple properties of the integral to check:

(1) If f < g p-a.e. then
[ fan< [gdu

(2) The integral with respect to u is a linear operator;
(3) If S C X is p-measurable then

/deuz/sfdw/x\sfdu;

4) | [ fdul < [1f1du;
(5) etc...

Exercise 2.4. Show that f: X — R is y-measurable if and only if

W(E) > p(EN fH((—00,a))) + u(E N f7H((b,00)))
for every E C X and a < b € Q.

Exercise 2.5. State and prove a reverse monotone convergence theorem for mono-
tonically decreasing sequences of functions.

Exercise 2.6. Show that the Fatou lemma is false if the functions are not uniformly
bounded below.

Show that the reverse Fatou lemma is false if the sequence is not bounded above
by an integrable g.

Show that the monotone convergence theorem is false if the sequence does not
monotonically increase.
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Exercise 2.7. Let X,Y be sets, i a measure on X and f: X — Y. Show that fupu
is a measure on Y. If X, Y are topological spaces and p, f are Borel, show that fupu
is a Borel measure on Y.

3. SOME STANDARD THEOREMS

Theorem 3.1 (Egorov’s theorem). Let p be a finite measure on a set X and
fn: X = R a sequence of pu-measurable functions such that f, — f pointwise p-
a.e. Then for every e > 0 there exists a measurable G C X with (X \ G) < € and
fn = f uniformly on G.

Proof. Fix € > 0, k € N and for each n € N let
Bnr={x € X :|fu(x) — f(x)| > 1/k for some m > n}.

By assumption, the B,, j, are measurable sets that monotonically decrease to a p-null
set as n — oo. Therefore, there exists n € N such that p(B,, 1) < €27 Let

Gp=X\Bn, and G= ()G
keN

Then pu(X \ G) < € and, for each x € G and each k € N, G C Gy, so there exists
n € N such that

[f (@) = fm(2)| < 1/K

for all m > n. That is, f,,, — f uniformly on G, as required. g

Theorem 3.2 (Lusin’s theorem). Let u be a finite Borel measure on a metric space
X and let f: X — R be p-measurable. Then for every € > 0 there exists a closed
C C X with p(X \ C) < € such that f|c is continuous.

Proof. Fix € > 0 and for each i € Z let
Xi = [ ([ie, (i + 1)e)),

a collection of disjoint Borel sets which cover X. Since u(X) < oo, there exists

n € N such that
n
L (X\UXZ> <e.

i=1
Since p is Borel, for each 1 < i < n there exists a closed C; C X; with u(X; \ C;) <

e/n.

For a moment fix 1 <7 <n and let

Since D is closed, the sets B(D, ) monotonically decrease to D as § — 0, which is
disjoint from Cj. Therefore there exists §; > 0 such that

C}:=C;\ B(D,é;)
satisfies pu(C; \ C!) < €¢/n. Note that C/ is closed.
Let 0 := minj<;<p 6; > 0 and Ce = |J;; C/, a closed set. For any 1 <i# j <n
and z € Cj and y € C}, d(z,y) > . Therefore, if 2,y € C with d(z,y) < 4,

|f(z)—f(y)| < €. Repeat this for each k € N with ¢, = 27%¢/3 and let C' = ey Cey.s
so that (X \ C) < e. Then f is continuous on C. O
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Definition 3.3. Let u, v be measures on a set X. We say v is absolutely continuous
with respect to p, written v < p, if for every S C X, u(S) =0 = v(S) =0. We
say that v is singular with respect to u, written v | p if there exists A C X with
(X \A) =0=r(A4).

Let i be a measure on a set X and let f: X — R*. The set valued function

W$=Afw

defines a measure on X. Note also that v < u. The Radon-Nikodym theorem
provides the converse to this statement.

Theorem 3.4 (Radon—Nikodym). Let u,v be finite measures on a set X such that
v < p. There exists a p and v-measurable f: X — RT such that

ww—éfw

for all p and v-measurable S C X. The function f is called the Radon-Nikodym
derivative of v with respect to p.

Proof. Let F be the set of all u and v-measurable f: X — R such that

[ fauzus)

S

for all ¢ and v-measurable S C X. Note that 0 € F and
(3.1) fig € F = max{f, g} € F.

Let
M:sup{/fd,u:fe}"},
so that 0 < M < v(X) < oo, and let f; € F be such that

/fidu—>M.

Eq. (3.1) implies that we may suppose the f; monotonically increase. Let f: X — R
be the pointwise limit of the f;. Then f is ;4 and v-measurable and, by the monotone
convergence theorem, f € F and [ fdp > M. Thus

(3.2) /fdu — M.

We claim that f satisfies the conclusion of the proposition. Indeed, suppose that
B C X is py-measurable but

v(B) > / fdu
B
and let € > 0 be such that
(3.3) (B) > / f+edu
B

Let S be the collection of all 4 and v-measurable S C B such that

v(S) < /Sf—i-edu.

We claim that there exists a p and v-measurable G C B of positive y-measure such
that each p and v-measurable G’ C G of positive p-measure is not contained in S.
Indeed, if not, then each G C B of positive u-measure contains an element of S of
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positive p-measure. Thus Lemma [1.15] gives a countable disjoint decomposition of
p-almost all of B into elements of S. Since v < p this implies

V(B)S/Bf+€dﬂa

contradicting (i3.3)).
Note that f + eG € F. Indeed, if S C X is y-measurable,

/f—i—eGd,u:/ f+ f+edu
S S\G snG
<u(S\G)+v(SNG)

=v(9).
On the other hand, since u(G) > 0,

/f+eGdu:M—i—eu(G)>M,

contradicting the definition of M. O

Theorem 3.5 (Lebesgue decomposition theorem). Let p, v be finite measures on a
set X. There exists a v-measurable A C X with u(X \ A) = 0 such that, for all
SCA uS)=0=v(S)=0. That is, v = Vge + V| with Vge < p and vy L pu.

Proof. Let S be the set of all v-measurable S C X with u(S) = 0. By Lemmam7
there exists S; € S such that each S € S with

ScA=Xx\Js
€N
satisfies v(S) = 0. Since pu(X \ A) = 0, this is the required decomposition. O

3.1. Exercises.

Exercise 3.1. Let  be a Borel measure on a metric space X, f: X — R p-integrable
and € > 0.

(1) Show that there exists a simple function s such that

/ |f —s|dp < e
X

(2) If f is positive show that we may require 0 < s < f in the previous point.
(3) Show that if u is finite, there exists g € C'(X) with

J 17 =glan <
X

(4) Show that the previous point may fail if x is only o-finite.

Exercise 3.2. Prove the following variant of Lusin’s theorem for the case that p is
not finite but f is u-integrable: for every e > 0 there exists a closed C' C X with

/ |fldp < e
x\C

such that f|c is continuous.

Exercise 3.3. Let u,v be measures on a set X. Show that if A C X is p+ v
measurable then it is also y-measurable.
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Exercise 3.4. Prove the Radon-Nikodym and Lebesgue decomposition theorems
for o-finite measures.

Exercise 3.5. Let u,v be finite measures on a set X and suppose v < u. For any
i, v-measurable g: X — RT show that

/gdv—/gfdv,

where f is the Radon-Nikodym derivative of v with respect to pu.

Exercise 3.6. For a measure p on a set X, we say a function f: X — R" is u-
measurable if each component of f is p-measurable and define the integral of f
component by component.

An n-dimensional vector valued measure is a function

v:{A:AC X} > R"

for which there exists a measure  on X and a p-measurable f: X — S"~! such
that

o) = [ rau

vz/fdu:/f’du’

are two representations of a vector valued measure then p = p’ (when re-
stricted to the set of u-measurable sets), and hence f = f’ y-a.e. We denote
this unique measure by |v|. It is called the total variation of v.
(2) Show that the set of all vector valued measures form a normed vector space
when equipped with
vl = wi(X).

(3) Show that this space is complete.

for each A C X.
(1) Show that if

A signed measure is a 1-dimensional vector valued measure.
Exercise 3.7. Let ¥ be a c-algebra on X. The standard definition of a signed
measure on Y is a countably additive function

w2 — R

The Hahn decomposition theorem states that there exist disjoint P, N € X with
X = PU N such that:

e For every S € ¥ with S C P, u(P) > 0 and
e For every S € ¥ with S C N, p(P) <0.

That is, u|p and —p|n are (positive) measures.
Use the Lebesgue decomposition and Radon—Nikodym theorems to show that the
two definitions of a signed measure agree.

4. THE DANIELL INTEGRAL

Let 1 be a measure on a set X and let L be a set of real valued p-measurable
functions on X. The formula

T(f) = /X fdu

defines an operator on L. Moreover, it has the following two properties:
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e T is monotonic: for all f,g € L with g < f, T'(g) < f;
e T is continuous with respect to monotone convergence: if f; € C'(X) mono-
tonically increase to f then T'(f;) — T(f).

In the next theorem we see that these two properties completely characterise the
Lebesgue integral. That is, we could equivalently develop a theory of integration
(and hence measure) by beginning with operators on sets of functions.

Definition 4.1. Let X be a set. A lattice of functions on X is a non-empty set L

of functions X — R which satisfies the following conditions: for any ¢ € Rt and

any f,g € L, f+ g, cf, inf{f, g} and inf{f,c} all belong to L and if g < f then

f —g € L too. Note that any vector space of functions closed under inf is a lattice.
If L is a lattice we let

Lt={feL:f>0}.
Wesay aT: L — Ris
(1) linear if, for all f,g € L and a,b € RT,
T(af +bg) = aT(f) +bT'(9);
(2) monotonic if, for all f,g € L with g < f,
T(g9) <T(f);

(3) continuous with respect to monotone convergence if, for all f; € L that mono-
tonically increase to f,

T(fi) = T(f)-
(4) bounded if for every f € L,
sup{7T'(g) : 0 < g < f} < 0.

A T satisfying Items (1| to |3 is called a monotone Daniell integral (it necessarily
satisfies Item . A T satisfying Items and 4| is called a Daniell integral.

Theorem 4.2. Let L be a lattice on X and let T: L — R be a monotone Daniell
integral. Then there exists a measure p on X for which each f € L is p-measurable
such that

(41) 7(H) = [ £du
forall f € L.
Proof. First note that, for any f € L™,

T(f) = T(0- f) = 0.

For A C X we say that a sequence f; € LT suits A if the f; monotonically increase
and

lim fi(z) >1 Vze A
1—00
Define
pu(A) = inf { lim T(f;) : f; suits A} .
1—r 00
Then 4 is a measure on X. Indeed, p(0) = 0 and p is monotonic. If A; C X for
each j € Nand f/ € LT suit A; then

A
gi=>_f!
j=1
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suits U;A; and

ZTf] <ngTfﬂ = u(4;

jeN jeN

Next we show that each f € LT is p-measurable. By Exercise it suffices to
show, for every £ C X and 0 < a < b € R that, for

A= fﬁl((_ooﬂa’)% B := fﬁl((b7 OO)):
we have
w(E) > p(ENA)+p(ENB).
Suppose g; suit F and let

inf{f,b} —inf{f, a}
b—a ’
Then 0 < kjp1 — k; < giv1 — g; for all 4 and
h(z) = 1 whenever f(z) > b, h(xz) =0 whenever f(z) < a.
Then k; suit B and g; — k; suit A. Therefore

lim T(g;) = lim T'(k;) + T(g; + ki) = p(B) + u(A).

h =

ki = inf{gi, h}

Finally we show that

(4.2) (5= [fdu fert.
First suppose that A C X, f; suit A and g € LT satisfies ¢ < x4. Then h; =
inf{ f;, g} monotonically increase to g and so
T(g) = lim T(hi) < Jim T(f;).
1—00 1—00
Consequently,
(4.3) T(g) < pu(A).

Now fix f € Lt and for each t € RT let f; = inf{f,¢}. For a moment fix ¢ > 0.
Then, for each k € N,

(4.4) 0 < fre(@) = fr—1)e() <€ VzeX,

(4.5) fre(x) = fi—1)e(x) = € whenever f(z) > ke
and

(4.6) fre(@) = fr—1)e(x) =0  whenever f(z) < (k—1)e.

Note that, for any k € N, (fxe — f(z—1)c)/€ suits
{z: f(x) > ke}

and so
(4.7) T(fre — fir—1)e) = en({z = f(x) > ke}).
By Egs. and and Eq. respectively,
enlla: 7(a) 2 ke}) = [ forne = fiedn
(4.8) > epfe: f(2) > (k+ 1)e}).
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Finally by (4.3),
(4.9) eu({z: f(x) = (b +1)e}) = T(firr2)e — firr1)e)
Combining Eqs. (4.7)) to (4.9)) gives

T(fre = flk—1)e) = /f(k+1)e — fredpr = T(firr2)e = Fihr1)e)-

Summing from 1 to i gives

T(f) > / Fosne — Fodi > T(fasa — ).

Since f;c monotonically increases to f,

T(f) > /f Cfdu>T(f — ).

Therefore, since f. monotonically decreases to 0, f — fc increases to f and so this

gives .
Note that, if f € L, then f*, f~ € L" and so
T(H) =11 -1 ) = [ Fran= [ 1 du= [ fap.
]

Observation 4.3. For any measure p satisfying the conclusion of Theorem[].9, the
value of w({f > t}), for f € LT and t > 0, is uniquely determined by the values of
T on LT.

Proof. For any t > 0 and 0 < h < t, observe that the functions

inf{f,t+ h} —inf{f, t}
h

converge pointwise to the characteristic function of f~!((¢,00)) and are bounded
above by 2f. Therefore, by (4.1) and the dominated convergence theorem,

p{z: f(z) >1t}) = lim RIT(inf{f,t + h} — inf{f,t}).

O

The Banach—Alaoglu theorem (see Exercise motivates us to consider repre-
sentations of Borel measures by elements of the dual of a Banach space, namely
of C(X). To use Theorem we must upgrade the pointwise convergence in the
hypotheses to uniform convergence in C(X). Recall that C.(X) is the set of all
continuous functions on X with compact support, and that pointwise monotonic
convergence in C.(X) implies uniform convergence (see Exercise. Therefore, for
any monotonic T' € C.(X)’, Theorem produces a measure p that represents 7T'.
If X is a metric space, then all compact sets are measurable with respect to p. We
next show, on locally compact spaces, how to obtain a Borel measure.

Lemma 4.4. Let X be a locally compact metric space and suppose that T is a finite
measure on X. There exists a unique Radon measure i on X that agrees with T on

K(X).
Proof. Let U be the set of open subsets of X. For each U € U define
v(U) =sup{7(K) : K C U compact}.
Since 7 is monotone, for any K € K(X), v(K°) < 7(K), for K° the interior of K.
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Since X is locally compact, for any U € Y and K € K(X) with K C U, there
exists V € U with V € K(X) and

KcVcVcU.

Consequently,

(4.10) v(U)=sup{v(V):VelU, VCU Vek(X)}
Also, since 7 is a measure and X is a metric space,

(4.11) 7(K) =inf{r(S): K C ¢ SeKkK(X)}.

For each A C X define
pu(A) =inf{v(U) : U D A open}.

Note that both v and g are monotone and give value 0 to the empty set. To see
that p is a measure, let A; C X and let U; D A; be open. We must show that

1 (U Ai) <> u(A).

i€N i€N
It suffices to show that
i€N i€N
By (4.10]), for any € > 0, there exists V' C U;U; with compact closure such that

v(V)>v (U U¢> —€
1€N
Since V has compact closure, it is contained in the union of finitely many U;. There-
fore, it suffices to show that v is finitely sub-additive.
Let U,V €e Y and K C U UV be compact. Let W =U NV and

Ky ={zxe K :d(z,U\W) <d(z,V\W)}
and

Ky ={ze K :d(z,V\W) <d(z,U\ W)}
Then K7, Ky are closed subsets of K with K = KyUKy and Ky C U and Ky C V.
Since 7 is finitely sub-additive,

7(K) < 7(Ky) + 7(Kv)

and so

v(UUV) <vU)+rvV).
Therefore, v is finitely sub-additive by induction. As shown above, this implies that
/4 1S a measure.

To see that p is a Borel measure, if A, B C X are separated, then there exist
separated open sets U D A, V D B. Since 7 is finitely additive, (U NV) = v(U) +
v(V) and so u is additive on separated sets. By construction, u is Borel regular.
Also, shows that open sets are inner regular by compact sets. Combining this
with outer regularity by open sets shows that u is a Radon measure.

To see that p agrees with 7 on KC(X), note that for any K € K(X) and U € U
with K C U,
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and so 7(K) < p(K). For the other inequality,
p(K) =inf{v(U) : U D K open}

<inf{v(S°):S e K(X), K C 5%}

<inf{r(9): S € K(X),K C §8°} =7(K)
by ([@11).

Finally, if u1, uo are two Radon measures that agree with 7 on IC(X), then for
any open U C X
pi(U) =sup{p(K) : K CU, K € K(X)}
=sup{uz(K): K CU, K € K(X)} = p2(U).

Since p1, po are both Borel regular, they must agree. ([l

Theorem 4.5 (Riesz representation theorem). Let X be a locally compact metric
space and let T € C.(X)' be monotone. Then there exists a unique Radon measure
w such that

(4.12) 7(5)= [ fdu v e ).

Proof. Observe that T is a monotone Daniell integral on L = C.(X). By Theo-
rem there exists a measure 7 on X for which (4.12)) holds with u replaced by 7.
By Lemma there exists a Radon measure p that agrees with 7 on K(X). For

any f € C.(X), the value of
/de

is determined by the value of 7 on compact sets, and so

[rar= [ ran,

so that (4.12]) holds. Observation implies that, on a locally compact space, the
measure of any compact set is uniquely determined by (4.12). Thus any Radon
measure satisfying (4.12)) is uniquely determined. O

The Riesz representation theorem allows us to identify the set of finite Radon
measures on a locally compact space X with the set of monotonic elements of Co(X)'.
For B a Banach space, a sequence T,, € B" weak* converges to T € B’ if T,,(x) —
T(x) for every x € B. In Cy(X)’, this translates to the following.

Definition 4.6. Let X be a locally compact metric space. A sequence ., of finite
Radon measures on X weak® converges to a finite Radon measure pu if, for every

f e Ce(X),
/deun—>/deM.

By the Banach-Alaoglu theorem (see Exercise , the unit ball of B’ is weak*
compact. Since the weak™ limit of a sequence of monotonic operators on Cp(X) is
monotonic, we have the following.

Theorem 4.7. Let X be a locally compact metric space and p, a sequence of Radon
measures with uniformly bounded total measures. There exists a finite Radon mea-
sure p on X and subsequence i, that weak™® converges to .
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4.1. Exercises.

Exercise 4.1. Let L be a lattice of functions on X. For any f € L show that
frfm el
Exercise 4.2. Let L be a lattice on X and T a monotone Daniell integral on L.

Give an example to show that there may be more than one measure satisfying (4.1)
(recall Exercise [L.9). Compare to Observation

Exercise 4.3. Let L be a lattice on X and T a Daniell integral on L. Define T+, T~
on LT by

T(f) =sup{T(9) : g€ LT, g < f}
and
T (f)=—inf{T(g) : g € Lt g< f}

(1) There show that T, T~ are monotone Daniell integrals on L.
(2) If f,ge L™ with g < f then f > f —g € L™ and so

T(9) =T (f) <T(9) + T(f — 9) < T(g) + T (/)
(3) Deduce that T =T+ —T".

Exercise 4.4. Let K be a compact metric space and suppose that f; € C(K)
monotonically increase to f € C(K). Show that f; — f uniformly.

Exercise 4.5. Let ¢ be the set of all f: N — R such that lim; f(x;) exists and
define T': ¢ — R by T'(f) = lim; f(z;). Let C be the set of all bounded f: N — R.
Equip ¢ and C with the supremum norm.

(1) Observe that T is linear and continuous on ¢ and hence can be extended by
the Hahn-Banach theorem to a linear and continuous element of C. (Such
an extension is called a Banach limit.)

(2) Show that any finite Borel measure on N is a convergent sum of Dirac masses.

(3) Hence show that there is no Borel measure p on R such that 7, = T.

Exercise 4.6. Adapt the previous exercise to show that the Riesz representation
theorem is false in non locally compact metric spaces.

Exercise 4.7. Let X be a metric space. Show that any 7' € C,(X)' is a Daniell
integral.

(1) Let let T, T~ € C.(X)'"" be obtained from Exercise

(2) Show that [T = [T+ + |7

(3) By Theorem any T € Cp(X) can be identified with two measures u™
and p~ and hence with a signed measure (recall Exercise . Show that
this identification is an isometric isomorphism.

Exercise 4.8. Let B be a separable Banach space and D a countable dense subset
of B. Suppose that T,, € B’ satisfy ||T,|| < M for some M > 0.

(1) Show that there exists a subsequence T,; and a T' € B’ such that T, (d) —
T'(d) for each d € D.
(2) Deduce that, for any z € B, Ty, (x) — T'(z).

That is, closed and bounded subsets of B’ are weak* compact.
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5. FUBINI’S THEOREM

Definition 5.1. Let p, v be measures on sets X, Y respectively and define the set
of rectangles to be

R ={A C X : A p-measurable} ® {B C Y : B v-measurable}.
The product measure X v on X X Y is defined by

px v(S) =inf Y p(Ai)v(B;)
1eN
where the infimum is taken over all countable collections of rectangles A; x B; € R
with
S C U A; x B;.
€N
This is a measure, see Exercise

Lemma 5.2. Let X,Y be sets and p,v measures on X,Y respectively. Then y X v
1s equivalently defined by the formula

uxv(S)= ianu(A v(B
€N
where the infimum is taken over all disjoint countable collections of rectangles A; X
B; € R with
S C U A; x B;.
1€EN
Proof. If A,C are p-measurable and B, D are v-measurable then
(Ax B)\ (C x D) = [(A\C) x BJU[(ANC) x (B\ D)]
= A1 X BiU Ay X By

is a decomposition into disjoint rectangles. Since A,C and B, D are p and v mea-
surable respectively,

1(A1)v(Br) + p(A2)v(Bz) = [1(A) — p(AN O)v(B) + p(AN C)[p(B) —v(BN D)
w(A)v(B) — n(ANC)v(BN D)
u(A)v(B).

Thus the two formulae agree. O

Theorem 5.3 (Fubini’s theorem). Let X,Y be sets and u,v o-finite measures on
X, Y respectively.

(1) If A is u-measurable and B is v-measurable then A x B is u X v-measurable
and

u X v(Ax B)=u(Ayv(B).
(2) If S is p x v-measurable then
SYi={reX:(zr,y) €S}
is p-measurable for v-a.e. y €Y, y— u(SY) is v-measurable;
Sy:={yeY:(x,y) €S}

is v-measurable for p-a.e. x € X, x — v(Sy) is p-measurable; and

pxculS) = [ u(snavty) = [ w50 duta).
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(3) If f: X xY — R is u x v-measurable or f: X x Y — R is p x v integrable
then

/Xxyfduxz/_//fdu ) dp( //fdu ) dv(y

Proof. Note that (| . ) follows from (| . by the monotone convergence theorem. We
prove the theorem for finite p, v.
To begin, let

= {U R; : R; € R pairwise disjoint} .
1€N

Let P be the set of S C X x Y such that y — p(SY) is v-measurable and for any

S € P define

p(8):= [ nisnav.

Observe that p(S) is monotonic in S.
If S=AxB € R then y — p(SY) = p(A)xp is v-measurable and p(S) =
p(Aw(B). If U € U with
1€EN
a disjoint union, then
y e u(UY) = (A

€N
is a countable sum of v-measurable functions and so U € P. Moreover,
(5.1) p(U) = / (UY) du(y) =) u(A;
Y €N

Thus, for any S C X xY,
(5.2) uxv(S)=inf{p(U): S CU eU}.

To prove , let A be p-measurable and B be v-measurable. By definition,
p(A x B) = p(A)v(B) and, since p is monotonic, p(A x B) < p(U) whenever
Ax BCUe€U. Thus, by (5.2)),

pu X v(Ax B)=u(Ayv(B).
Let FC X xY and E C U € U. Observe
UN(AxB) and U\ (AxB)
are disjoint members of U. Therefore, by and ,
p(U) = p(U N (A x B)) + p(V\ (A x B))
>uxv(EN(AxB))+puxv(E\ (Ax B)).

When taking the infimum over all such U, the left hand side converges to p x v(E),
and so A x B is u x v-measurable. This also implies that all elements of U are
measurable.

Let S C X x Y and suppose that Uy, Us, ... € U are such that p(U;) — p x v(95).
Since the intersection of any two rectangles is a rectangle,

Vi=UnU_1Nn.. Ui el

for each ¢ € N. Moreover, p(V;) monotonically decreases to p x v(S). Let W =
MNien Vi © S. Note that, for each y € Y, u(V;¥) monotonically decreases to pu(WV),
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so that W € P. Since u,v are finite, the monotone convergence theorem implies
that p(V;) — p(W) and hence p x v(S) = p(W). Since u x v(W) > u x v(S), the
monotonicity of p implies p x (W) = p(W).

To prove (2), if S is p x v-measurable, then p x v(W\S) = 0. By there exists
Z D> W\ U with p(Z) = 0. That is, (W) = u(SY) for v-a.e. y € Y, and hence
the first conclusion of ([2). Moreover, p(S) = p(W) = pu x v(S), which concludes the
proof. O

5.1. Exercises.

Exercise 5.1. Let X,Y be sets and i, v measures on X, Y respectively. Prove that
W X v is a measure on X X Y.

Exercise 5.2. Let X,Y be separable metric spaces. Show that
B(X xY)=%(B(X)®B(Y)).

Exercise 5.3. Let X,Y be separable metric spaces and u, v finite Borel measures
on X,Y respectively. Show that p x v| B(xxy) 1s the unique countably additive set
function on B(X xY) satisfying u(Ax B) = u(A)xv(B) for all Ax B € B(X)®B(Y).

Exercise 5.4. Prove Fubini’s theorem and Exercises 5.2 and [5.3] for o-finite mea-
sures fi, V.

Exercise 5.5. Show that Theorem 5.3 (3) may fail if
(1) f: X xY — R is measurable but not integrable; Hint: consider p,v the
counting measure on N. Exploit the “identity”
Q1-1)+1-1)+...=1+(-1+1)+(-1+1)+...
(2) f: X x Y — R* is measurable but g is not o-finite. Hint: consider u = £,
v the counting measure on R.
Prove Theorem (3) for f: X x Y — R integrable, even if p, v are not o-finite.

Exercise 5.6. Note in Theorem (2) we must exclude a set of measure zero.
Indeed, if V is a Vitali set, note that V x {0} C R? is £L2-measurable.

Exercise 5.7. Let X be a separable metric space and f: X — [0,00) a Borel
function. Prove that

[ rau= [ utwex:sw =
X 0

Hint: consider

A={(z,1): f(x) = t}.
Exercise 5.8. A measure y on a metric space X is uniformly distributed if there
exists a g: (0,00) — (0, 00) such that v(B(x,r)) = g(r) for all z € X and r > 0. Let
1, v be uniformly distributed Borel regular measures on a separable metric space X
(with functions g and h respectively). Let U C X be open.

(1) Observe that, for any z € U,
B

lim v(UN B(z,71)) _1

r—0 h(T‘)

for every x € U.
(2) Deduce that

w(U) < liminf h(r)™! /U v(UN B(z,r))du(z).

r—0
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(3) Deduce that

u(U) < liminf h(r)~! /U u(U N B(y,r)) dv(y) = lim inf ZE:;V(U).

Deduce that p = cv for some ¢ > 0.

6. COVERING THEOREMS

We will use B(z, ) to denote the closed ball in a metric space X centred at z € X
with radius » > 0. Since the centre and radius of a ball are not uniquely defined by
its elements, formally by a “ball” we mean a pair (z,7) € X x (0,00), but in practice
we mean the set of its elements.

Lemma 6.1 (Vitali covering lemma). Let X be a metric space and B an arbitrary
collection of closed balls of uniformly bounded radii. There exists a disjoint sub-
collection B’ C B such that any B € B intersects a ball B’ € B’ with

rad B’ > rad B/2.

In particular,
U sB> B
BeB'! BeB
Here, 5B denotes the ball with the same centre as B and 5 times the radius.

Proof. For each n € Z let
B,={BecB:2"<rad B < 2"}

Since the balls in B have uniformly bounded radii, the B,, are empty for all n > N,
for some N € N. Let B be a maximal disjoint sub-collection of By. That is, the
elements of B are disjoint elements of By and if B € By, there exists a B’ € B,
with BN B’ # (. (In general such a maximal collection exists by Zorn’s lemma.
See also Exercise ) Let BYy_, be a maximal collection such that By, U B)_; is a
disjoint collection. Repeat this for each ¢ € N, obtaining a maximal collection BYy_;
such that By U...U B/ _, is a disjoint collection, and set B’ = |, <y B},-

Now suppose that B € B, say B € B,,. Then by construction there exists B’ € B,
for some m > n with BN B’ # (). In particular, rad B’ > rad B/2.

The final statement of the lemma follows from the triangle inequality. O

Definition 6.2. Let X be a metric space and S C X. A Vitali cover of S is a
collection B of closed balls such that, for each x € S and each € > 0, there exists a
ball B € B with rad B < € and = € B.

Proposition 6.3. Let X be a metric space, S C X and suppose that B is a Vitali
cover of S. Then there exists a disjoint B' C B such that, for every finite I C B,

s\UBc |J sB.
Bel BeB\I
In particular, if B = {By, Ba, ...} is countable (for example, if X is separable), then
n
S\|JBic 5B
i=1 i>n

for each n € N.
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Proof. Note that we may suppose B consists of balls with uniformly bounded radii.
Let B’ be a disjoint sub-collection of B obtained from Lemma If I C B is finite

then
C:= U B
Bel

is closed. Therefore, if z € S\ C, since B is a Vitali cover of S, there exists B € B
with z € B such that BN C = (). However, B must intersect some B’ € B’ with
rad B’ > rad B/2, and so « € 5B’. That is, x belongs to

UJ 5B,
BeB\I
as required. O

Definition 6.4. A Borel measure p on a metric space X is a doubling measure if
there exists a C,, > 1 such that

0 < p(2B) <Cup(B) < oo
for all balls B C X.
Remark 6.5. Note that, for any m > 2,
p(mB) < C% " u(B).
Lebesgue measure is a doubling measure.

Theorem 6.6 (Vitali covering theorem). Let 1 be a doubling measure on a metric
space X and let B be a Vitali cover of a set S C X. There exists a countable disjoint

B' C B such that
u(S\ U B) =0.

BeB'

Proof. First note that it suffices to prove the result for S bounded, say S is contained
in some ball B. We may also suppose that each B € B is a subset of 2B.

Let B’ be a disjoint sub-collection of B obtained from Proposition Note that
B’ is countable. Indeed, for each m € N, at most mu(2B) balls B € B’ can satisfy
u(B) > 1/m.

Enumerate B/ = {By, B, ...}. Since the B; are disjoint subsets of 2B,

> u(Bi) = 0.
i>n
By the conclusion of Proposition [6.3]
s\JBic 5B
=1 i>n
for each n € N. Since p is doubling, p(5B;) < Cu(B;) for each i € N and so
m (S\ U&-) <CY u(Bi) =0,
i=1 i>n

as required. ]
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Definition 6.7. Let p be a Borel measure on a metric space X and f: X — R
p-measurable. Suppose that 0 < u(B(z,r)) < oo for all z € X and all r > 0.
Define the Hardy—Littlewood mazximal function of f by

1
Mf(@) =sup - m ) /BW) 7] dp.

By Exercise [6.3] the maximal function is a Borel function.

Theorem 6.8 (Hardly—Littlewood maximal inequality). Let p be a doubling mea-
sure on a metric space X. There exists a C > 0 such that, for any f: X — R and
A >0,

(6.1) pl{e: M7(@) > M) < § / fldp.

Proof. For A > 0, let

S={zeX:Mf(x)> A}
and, for each R > 0, let Sg be those x € X for which there exists 0 < r < R such
that

(6.2) /B > (e )

Similarly to Exercise [6.3] each Sg is a Borel set. Moreover, the Sp monotonically
increase to S. For a moment fix R > 0. Let B be the collection of balls B(x,r)
with € Sg and 0 < r < R that satisfy (6.2]) and let B’ satisfy the conclusion of

Lemma [6.1l Then
[inaw= ¥ [ if1an

Bep ' B
> ) Au(B)
BepB!
1
> W Z Au(5B)
Y BepB!
A
> WM(SR)-
In particular, (6.1) holds for C = C}82°. O

Theorem 6.9 (Lebesgue differentiation theorem). Let p be a doubling measure on
a metric space X and f: X — R with [ fdp < co. For p-a.e. z € X,

1
/L(B(QZ,T)) /B(x,r) |f - f(x)| du -0

as r — 0. Such an z is called a Lebesgue point of f.

Proof. First note that the theorem is true if f is continuous.
Fix e > 0 and let g: X — R be continuous with

[1£-glan<e
(such a g exists by Exercise . Let

B={xeX:|f(x)—g(x)] = Ve},
so that pu(B) < v/e.



27

If
S={x:M(f —g) > Vi),
then by Theorem
C
u(s) < s gl < Cve

Moreover, if x & S,
1

M(B(x7r)) /B(ac,r) |f - g’ dlu : \/E

for all 7 > 0. In particular, since g is continuous at x,

: |f —g(@)]du < Ve

lim sup

H E l’ / 1
Th(lI‘(lf()I‘(f, lf X g B,

) 1
hI?I}—?Slp M(B(xv T)) /B(x,r)

We are now done; repeat the above for a countable collection of ¢ — 0. The
corresponding B U S monotonically decrease to a set of measure zero. The set of
x € X that does not belong to infinitely many of the B U S has full measure, and
for such an z,

1~ f(@)ldp < 2ve.

o -

0

Corollary 6.10. Let u be a doubling measure on a metric space X and let S C X
be pi-measurable with p(S) < oco. Then

o 18 0 BL1)

" (Bl )
equals 1 for p-a.e. x € S and 0 for p-a.e. x & S. Such an x for which the limit
equals 1 is called a density point of S.

6.1. Exercises.

Exercise 6.1. Let X be a separable metric space. Show that for any collection of
balls, there exists a maximal disjoint sub-collection.

Exercise 6.2. Show that the 5r covering Lemma may not be true if the radii are
not uniformly bounded.

Exercise 6.3. Let p be a finite Borel measure on a metric space (X,d) and let
z, — = € X such that d(z,z,) is a decreasing sequence. Let U(y,r) denote the
open ball centred on y with radius 7.

(1) Show that, for any r > 0,
U(z,r)\ U(wn,r)

decreases to the empty set.
(2) Deduce that y — p(U(y,r)) is lower semi-continuous.
(3) Give an example to show that y — (U (y,r)) may not be continuous.
(4) Show that, for any y € X,
p(B(y,r)) = lim u(U(y,q))-
Q3qdr
(5) Deduce that, for any r > 0, y — p(B(y,r)) is a Borel function.
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(6) Show that the Hardy-Littlewood maximal function is equivalently defined
by taking the supremum over all rational r > 0.
(7) Deduce that the Hardy—Littlewood maximal function is a Borel function.

Exercise 6.4. Let p be a doubling measure on a metric space X and let S C X with
p(S) < oo. Suppose that there exists a p-measurable S” O S with u(S") = u(S).
Show that
lig M50 B@ ) _
r=0 p(B(z,r))
for u-a.e. x € S.

Exercise 6.5. Prove that on R", L™ = ¢H" for some ¢ > 0. There are two ways to
prove this (recall Exercise Items |1} and .
Let u,v be two finite Borel measures on a set X with y < v and suppose that
v is doubling. Show that the Radon—Nikodym derivative of p with respect to v is
given by
iy MB (@, 7))
r—0 v(B(x,r))

for v-a.e. x € X.

Exercise 6.6. For f = x(g ], show that M f does not have finite integral.

7. DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS

The regularity of a Lipschitz function f: R™ — R is very interesting. Of course,
Lipschitz functions are continuous, but they may not be differentiable everywhere.
However, it is quite easy to convince yourself that they cannot be non-differentiable
on quite a large set. The question to quantify how large the non-differentiability
set of a Lipschitz function can be was one of the motivating questions of Lebesgue’s
development of measure theory.

Definition 7.1. Let f: [a,b] — R. The total variation of f, V f: [a,b] — [0,00] is
defined by

Vi) =sup > |f(t:) = f(tir)]
i=1
where the supremum ranges over all a =ty < t; < ... <t, =0b.
If Vf(b) < oo, f is said to have bounded variation (BV).

Definition 7.2. A function f: [a,b] — R is absolutely continuous (AC) if for any
€ > 0 there exists a § > 0 such that, for any intervals (a1,b1), (ag,b2) ... C [a, b] with

> i lbi — ai| <0, we have Y |f(b;) — f(a;)| <e.

Note that AC functions are BV, and Lipschitz functions are AC (see Exercise.
Also, if f is BV then V f and V f — f are non-decreasing. If f is AC then so are V' f
and Vf — f, see Exercise

Theorem 7.3 (Lebesgue). Let f: [a,b] — R be absolutely continuous. Then f is
differentiable L' almost everywhere. Moreover, for any x >y € [a,b],

f(@) — fy) = / " f de.
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Proof. By Exercise it suffices to assume that f is non-decreasing. In this case
define a measure p on [a,b] using the Carathéodory construction with F' the set of
compact intervals and (([c,d]) = f(d) — f(¢). This defines a finite Borel measure
such that u([e,d]) = f(d) — f(c) for all intervals [c,d]| C [a,b]. Indeed, for any § > 0,
we may cover [c, d] by finitely many intervals [c, ¢1], [c1, ¢a], . . ., [ck, d] of width §’ < §,
showing

pulle,d) <Y fleivn) = fler) = f(d) = fle).

The reverse inequality holds because f is non-decreasing.

Note that p < £'. Indeed, given € > 0, let 6 > 0 be given by the definition of
f being absolutely continuous. If £L!(N) = 0, we may cover N by countably many
closed intervals I; such that >, £}(I;) < 6. In particular Y, f(I;) < € and hence

p#(N) < e. Therefore,
_ du 1
”‘/dmdﬁ’
with dp/dct € LY(LY).

By the Lebesgue differentiation theorem, for any Lebesgue point = of du/dL!,

LSt = f@) Ll ta])
t—0 t t—0 t
) 1 x4+t d,LL 1
= lim < / acr £
du
= acr )

0

Theorem 7.4 (Rademacher). Any Lipschitz f: R™ — R is differentiable L™ almost
everywhere.

Proof. For notational simplicity, we prove the case n = 2.

For each y € R, x — f(x,y) is a Lipschitz function R — R and so is differentiable
L'-a.e. That is, for every y, 01 f(z,y) exists for £L'-a.e. x. By Fubini’s theorem, 0 f
exists £%-a.e. Similarly, O f exists almost everywhere too.

Fix € > 0. For D € Q2 and j € N let

Xpj=A{z:|f(x + he;)) — f(x) — D;ih| < €|h|, YO < |h| < 1/j, i =1,2}.
These are Borel sets. Further, for D € Q?, if
|Ovf(z) — D1 <¢/2 and |0of(x) — Dao| < €/2,
then x € Xp ; for sufficiently large j. That is,
xe= U UXp,
DeQ jeN

is a set of full measure.
Fix D € Q% and j € N. Let z be a density point of Xp,j. Let R > 0 such that

L"(B(xz,r)NXpj) > (1—€")L"(B(z,T))
for all 0 < r < R. In particular, for every y € B(z,r) there exists ¢’ € Xp ; with

ly =o'l < elly — ]|
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Now let r < min{R,1/j} and ||z —y[| < r. Set h =y — =, § = z + my and
j € Xp, with
19— 9l <ellz—gll < ellz —yll.
Also let 3,y lie on the same vertical line as ¢ such that ¢, 7 have the same vertical
component as do y”,y. Then, since z € Xp j,

(7.1) |f(@) = f(x) = Diba| < elha| = ellz — gl| < €]z —y];

Since f is Lipschitz,

(7.2) @) = fWO < LG =yl < Leflz - y;

Since § € Xbp.j,

(7.3) If(y") = f(y) — D2ha| < elly’ —"[| < ellz —yl;

Since f is Lipschitz,

(7.4) 1F(") = FW)I < Llly" =yl = Llly = 9l < Lllg = 3| < eLllz —y.

By combining Egs. (7.1]) to (7.4)),
|f(y) = f(z) = D-h| <2(1 + L)el|z — yl|.
This is true for all y with ||z — y|| < r and for any density point z of the full

measure set X€. That is, for L™-a.e x. Taking a countable intersection over ¢ — 0
concludes the proof. O

7.1. Exercises.

Exercise 7.1. Prove that Lipschitz functions are AC and that AC functions are
BV.

Exercise 7.2. Let f: [a,b] — R be BV. Show that Vf and Vf — f are non-
decreasing. If f is AC then show that V f and V f — f are AC.

Exercise 7.3. Show that any monotonic f: R — R is continuous except at count-
ably many points.

Exercise 7.4. In this exercise we will show that monotonic functions are differen-
tiable almost everywhere.
Let f: [a,b] — R be non-decreasing. For each = € (a,b) let
F@A) = 1@ 5 oy O = 1)
h h—0 h
Observe that the set of x € (a,b) where f is not differentiable at x is the countable
union, over p < g € Q, of the sets
Bpg:={z € (a,b) : Df(z) <p < q< Df(x)}.
We now fix p < ¢ € Q.
(1) Let

D = lim inf
Df(x) =limin

B={lx,z+h]: f(x+h)— f(z) < ph}.
Note that B satisfies the hypotheses of the Vitali covering theorem (recall
Theorem . Let B’ be a disjoint sub-cover obtained from the Vitali cov-
ering theorem with respect to Lebesgue measure and let S = UB’. Prove
that

LYf(BpynS)) < pLYBp,NS).
Note: this is the step where we require f to be monotonic.
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(2) Similarly, prove that L*(f(BpqNS)) > qLY(Bpg N S).
(3) Deduce that f is differentiable almost everywhere.
(4) Deduce that a BV function is differentiable almost everywhere.

However, BV functions do not satisfy the fundamental theorem of calculus:

Exercise 7.5. Recall the definition of the Cantor set from Exercise .6l Define the
Cantor function f: [0,1] — [0, 1] as follows. For each n € N, define f,,: [0,1] — [0, 1]
by

1= (3) £an)

Show that the f,, converge uniformly on [0, 1] to a monotonic, continuous function
f. For each z € [0,1] \ C, show that f’(x) = 0.

Thus, f is monotonic and hence BV, has derivative 0 almost everywhere, but does
not satisfy the fundamental theorem of calculus.

Exercise 7.6. In lectures we proved that the derivative of any AC function is
an absolutely continuous measure. Prove the converse: for any finite, absolutely
continuous measure p on [0,00), show that

* dp 1
fla) = [ gpeact = uo.z)
defines an absolutely continuous function.

Up to now, we have considered points where functions are differentiable. We now
consider points of non-differentiability (which are much more interesting).

Exercise 7.7. Show that the Cantor function is not differentiable at any point of
the Cantor set.

Exercise 7.8. Let N C [0, 1] satisfy £L}(N) = 0.

(1) For each n € N, iteratively construct a countable collection of open intervals
O,, such that, for each n € N,
e N is contained in the union of O,;
e for every I € O, there exists J € O,,_1 with I C J;
e for each I € O,,_1,

LYINU{T: T €0,}) <27
(2) Let
S= Y uviJ:Te0n},
neNm>n

the “limsup” of the O,, (S is the set of points that are contained in infinitely
many intervals from the O,). In particular, S O N.

For each x € [0,1]\ S, let N(z) be the largest n for which there exists
I € O,, with z € I. Define P(z) = 1 if N(z) is even, P(z) = 0 otherwise.
Finally, for each z € [0, 1] define

fla)=L({t € [0,2]: P(t) = 1}).

Show that f is Lipschitz, monotonic, and not differentiable at any point
of N. Hint: show that Df(x) =0 and Df(z) =1 for each € N.
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Part 2. Some topics in Geometric Measure Theory
8. HAUSDORFF MEASURE AND DENSITIES

Recall the definition of Hausdorff measure from Exercise [l

We are interested in the measure H®|g, for S C X some H*-measurable set with
H*(S) < oo. In particular, we require some counterpart to the Lebesgue density
theorem, but, of course, H*|x may not be locally finite.

Definition 8.1. Let X be a metric space, A C X and s > 0. The upper and lower
Hausdorff densities of A are

©*%(A,z) = limsup HI(AN B(,1))
r—0 (QT)S

and

. .. JH(ANB(z,7))
Oi (A, x) = llgélf CBE .

Lemma 8.2. Let X be a metric space, s > 0 and A C X with H*(A) < co. Then
270 <O (4,2) <1
for H®-a.e. x € A.

Proof. The set of x € A with ©%%(A,z) < 27 is a countable union countable of the
sets

Ss:={reA:H' (AN B(z,r)) < (1 =9§)r* YO <r < d}.

Thus, for the first inequality, it suffices to show that H?*(Ss) = 0 for all § > 0.
Fix §,e > 0. We may cover S5 by sets Fi, Fo,... such that, for each i € N,
diam E; < €, Ss N E; # () and

Z diam E; < H*(S5) + €.
€N

For each i € N let x; € Ss N E; and set r; = diam F;. Then

Ho(S5) <D H (S5 NE) <> H (AN Blxi,ri))
i€N i€N
<(1-06)) diam E} < (1-06)(H*(S5) +e).
€N
Since € > 0 is arbitrary and ¢ > 0, this implies H*(S5) = 0, as required.

For the second inequality, since H® is Borel regular (see Exercise [8.2)), it suffices
to assume that A is Borel. As before, given § > 0, it suffices to prove that

S={reA:0"%(A,x) >1+}
satisfies H*(S) = 0. Fix e > 0 and let U D S be open with
HI(ANU) <H¥(S) +e

(which exists by the outer regularity of the measure H*|4). Let B¢ be the collection
of balls B centred at a point of S with rad B < ¢ such that B C U and

(8.1) H (AN B) > (1+9)(2rad B)*.
This is a Vitali cover of S. Let B, be obtained from Proposition
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Since H®(S) < oo, S is separable (see Exercise and so B, = {By, Ba,...} is
countable and the conclusion of Proposition states that

s\|UsiclJsB
ieN i>n

for each n € N. Since diam B; < € for each i € N, the B; and 5B; may be used to
estimate H{,.(S). For each n € N we obtain

f0e(S) <) (2rad By)* + ) (10rad B;)*

iEN i>n

H(ANB) .~ H(ANB)

where the second inequality follows by ({8.1]). Since the B; are disjoint and H*(A) <
00, the second term converges to 0 as n — oco. Since the B; are subsets of U we
obtain

s HI(ANU) _ H(S)+e
< <

106(5) = 1+ 5 — 1+ 5

Since € > 0 is arbitrary, this implies #*(S) < H*(S)/(1 + 0) and hence H*(S) = 0,

as required. O

Lemma 8.3. Let X be a metric space, s > 0 and let A C X be H®-measurable with
H*(A) < co. Then

"% (A,z) =0
for Hé-a.e. x & A.
Proof. It suffices to show that, for £ > 0, the set
S={zeX\A:0""(A,x) >t}

satisfies H*(S) = 0. Fix € > 0. Since A is H®-measurable, H®|4 is Borel regular.
Therefore, since H®|4(S) = 0, there exists an open U D S with

HINANU) = H|a(U) < e

For each x € S and & > 0 there exists a ball B centred on x with rad B < § such
that

H(ANB)

(2rad B)*®

By Lemma [6.1] there exists a disjoint collection B of such balls such that

> .

sc |JsB.
BeB

Since H*(A) < oo, A is separable and each of these balls contains a point of A, B is
countable. Therefore

tH35(S) <t Y (2rad5B)* <5° Y H(ANB) <5*H(ANTU) < 5.
BeB BeB

Since §, € > 0 are arbitrary, this completes the proof. O
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8.1. Exercises.

Exercise 8.1. Let V C [0, 1] be a Vitali set as constructed in Exercise

(1) Show that, for any Borel B C V, LY(B) = 0.
(2) Deduce that £1([0,1]\ V) = 1 and hence, if C is a Borel set with

[0,1]\V c C c[o,1],

then £1(C) = 1.
(3) Hence show that L1(VNC) = L£1(V) > 0.
Note however that we cannot deduce the value of £}(V) from our construction in
Exercise Indeed, for any € > 0, that construction may produce a V C [0, €].

Exercise 8.2. Let X be a metric space and s > 0.

(1) Show that #H?® is Borel regular. Hint: first show that in the definition of H?*,
we may take I’ to be the collection of closed sets.

(2) We are usually interested in H*|4 for some A C X. Show that for any
A C X, H?|4 is a Borel measure.

(3) Now assume that A C X is ‘H®-measurable with #*(A) < co. Show that
H*| 4 is Borel regular. Hint: show that there exist Borel sets B D A D B’
with H°(B \ B) = 0.

(4) Show that H°|4 may not be Borel regular if A is not H* measurable. Hint:
consider Exercise

Exercise 8.3. In this exercise we construct the four corner Cantor set. Let Ky =
[0,1)2. Let K7 be the “four corners” of Ky of side length 1/4. That is

Ky =[0,1/42U[3/4,1)>U[0,1/4] x [3/4,1] U [3/4,1] U [0, 1/4].

Inductively, K, is constructed by taking the four corners of side length 1/4™ of
all the squares of K,_1. Finally let K = K,, a compact set. Show that
0 < HYK) < 0.

Exercise 8.4. For s > 0 let X be a metric space with H*(X) < co. Show that X
is separable.

neN

Exercise 8.5. Show that Lemmas [8.2] and [8.3] may be false if A has only o-finite
H?® measure.

9. RECTIFIABLE SETS AND APPROXIMATE TANGENT PLANES
Rectifiable sets are the measure theoretic counterpart to manifolds.

Definition 9.1. A ‘H"-measurable set £ C R™ is n-rectifiable if there exist Lipschitz
fi: R™ — R™ such that

H" (E\ U fz-(R”)) =0.
€N
We will show that n-rectifiable sets possess a unique approrimate n-dimensional
tangent plane at almost every point.

Given V € G(m,n), a € R" and 0 < s < 1 define the cone around V centred at
a with aperture s as

C(a,V,s) ={z e R" : dist(x — a, V) < s|lz — al|}
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Definition 9.2. Let A C R™ and a € A. AV € G(m,n) is an approximate tangent
plane to A at a if

>0

(9.1) lim sup HY(AN Ba, )

r—0 rr
and, for every 0 < s < 1,
"(ANB
02) i HAD Ba1) \ Cla, Vi)

r—0 rh

=0.

Rademacher’s theorem gives a candidate for the approximate tangent plane to a
rectifiable set. There are three steps required to prove that the derivative is indeed
an approximate tangent plane: show that the derivative has full rank at almost
every point; prove the density condition ; and show that the sets from other
parametrisations of the rectifiable set do not destroy the approximation by a tangent
plane at almost every point.

The second and third steps follow from the results of the previous section. For
the first step we use the following.

Lemma 9.3 (Easy Sard’s theorem). If f: R™ — R™ is Lipschitz then
H"({f(z) :rank Df(x) < n}) =0.
Proof. Let L=Lipf. Fix 0 < R < 00, d,€ > 0 and let
A={z e B(x,R) :rank D f(z) < n}.

For x € A let

Wy = f(x) + D f(x)(R").
Then for sufficiently small 0 < r, < 0,

f(B(z,re)) C B(f(x), Lry) N {y : dist(y, Wa) < erg}.

Since rank D f(x) < n, the set on the right hand side can be covered by (L/e)" !
cubes of side length er,.

Since A is covered by balls of the form B(z,7,/5), there exists a disjoint collection
of balls B(x;,;/5) such that A is covered by the union of the B(x;,r;). Then

flA)cf (U B(m,n)) c |J r(B(ai, ).

ieN 1€N

By the previous argument, each factor of the right hand side is covered by (L /e)"~!
cubes of side length er;. Thus

n—1
() < ¥ (5) eyt = e

€N 1€N
However, the B(xz;,r;/5) are disjoint subsets of B(0, R+ ¢) C R™ and so
S (5) <@+
; )
€N
Since € > 0 is arbitrary, this implies that H3;(f(A)) = 0 and hence H"(f(A)) =0
Taking a countable union over R — oo completes the proof. O
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Lemma 9.4. Let f: R® — R™ be Lipschitz and S C R™. Suppose that there exists
a d > 0 such that, for each x,y € S,

1f (@) = fW)ll = dll —yl|.
Then f(S) has a unique approzimate tangent plane at H™ almost every point.
Proof. By Lemma we may suppose rank Df(x) = n for every x € S. By
Lemma we may suppose O™ (E, f(x)) > 0 for every z € S. Fix x € S and
0 < s < 1. There exists € > 0 such that
1f(y) = f(x) = Df(@)(y — 2)l| < slly — |
for all y € B(x,e) NS. Moreover, if y € S\ B(x,¢€) then
1f(y) = f(@)] = de.
That is, if a = f(x) and b = f(y) with ||a — b]| < de and V = a + D f(z)(R"),
dist(b — a,V) < slly — z| < s[b— all/6.

Therefore, V' is an approximate tangent plane to f(.5) at a.

This approximate tangent plane is unique at any density point x of S. Indeed, if
V' £V, letve V\V andlet 0 < s < 1 be such that C(f(z), Rv, s)NC(f(z),V’,s) =

{0}. Since rank D f(x) = n and z is a density point of S, for sufficiently small r > 0
there exists y € S N B(x,r) such that B(f(y),sr) N C(f(x),V’,s) =0 and

H"(B(f(y),sr) NS)
/’nn
In particular, V' is not an approximate tangent to f(S’) at x. O

Theorem 9.5. Let E C R™ be n-rectifiable with H"(E) < oo. Then for H"-a.e.
x € E, E has a unique approximate tangent plane at x.

> §s.

Proof. Let f: R™ — R™ be one of the Lipschitz functions as in the definition of
a rectifiable set and let S = f~1(FE). It suffices to prove that E has a unique
approximate tangent plane at f(x) for L™-a.e. x € S.

By Lemma we may suppose that dim Df(R™) = n for all x € S. Fix such an
x and let 0 < e < ||[Df(x)~||/2. There exists § > 0 such that

1f(y) = f(z) = Df(z)(y — z)|| < elly — ]
for all y € B(z,9) N S. In particular, by the triangle inequality,

1/ (y) = F(@)I| > elly — =[|/2.

Therefore, the sets

Se:={zeG:|f(y) = f(@)l > elly —z| Vy € B(z,€)}
are Borel and monotonically increase to S as € — 0. Therefore it suffices to prove the
result for £™-a.e. z in some fixed S.. Cover S¢ by finitely many balls By, Bs, ..., By
of radius e. It suffices to prove the result for £L"-a.e. x in some fixed S’ := S, N B;.
However, S’ satisfies the hypotheses of Lemma and so f(S’) has a unique
approximate tangent at H" almost every point. To see that this tangent is a unique

approximate tangent to £ at H" almost every point, we simply use Lemma for
H"-a.e. x € f(S5), ©"(E\ f(5),x) =0. O

In Theorem [I0.10 we will see that the converse to Theorem 0.5 holds.
For V' € G(n,m), write 7y for the orthogonal projection onto V' and equip G(n,m)
with the metric d(V, W) = ||y —mw||. We will consider £™ on an element of G(n,m).



37

Lemma 9.6. Let f: R™ C R™ — R™ be Lipschitz and let S C R™ satisfy L*(S) > 0.

For e > 0 suppose that there exists an invertible linear L: R™ — R™ such that, for
allz,y € S,

|f(z) ~ fy) = Lz —y)|| < ﬁux —yl.
Then for any V € G(n,m) with ||(zy|p@n)) 7 7t = 26, L(mv (£(S))) > 0.
Proof. For any V € G(n,m),
v (f(z) = () = 7 (L = )| < el LYYz — y]

and S0, if ”(WV|L(R"))_1”_1 > 267

Iy (f (@) = F)I = v (L = )]l = ell LMl — y]
> ||y | ) THITHIE(z = )l = €l Lz = )]
> el L(z = y)
> el L7 Ifl — -

Thus 7y o f has Lipschitz inverse on S and hence L™ (my (f(S5))) > 0 by Exercise
(|

Corollary 9.7. Let E C R™ be n-rectifiable with H"(E) > 0. Then there ezists
W e G(m —n,m) such that my(E) > 0 for all V € G(n,m) with VN W = {0}.

Remark 9.8. The set of V' that satisfy the conclusion of Corollary is very large;
try some examples in reasonable dimensions.

Proof. Since E C R™ is rectifiable with H"(E) > 0, there exists a Lipschitz f: R" —
R™ with H"(E N f(R")) > 0. In particular, S := f~!(E) satisfies £L*(S) > 0. By
Lemma for L™-a.e. x € S, Df(x) is injective.

Fix € > 0 For M > 0, the set of invertible L: R” — R™ with ||L~!|| < M may be
covered by countably many sets of diameter ¢/M. Varying M € N, we see that £
almost all of S is covered by countably many sets of the form

{reS:|Df(x) — L <e/2| L7}
Moreover, each of these sets may be covered by countably many sets of the form

{zeS:(If(x)~ fly) — Lz =yl <ellz = yll/IIL7"[| ¥y € B(z, e)}.
Finally, these sets may be covered by countably many sets of diameter e. Therefore,

for each j € N there exists S; C S and invertible L;: R™ — R™ such that, for all
z,y €55,

1F(x) = f(y) = Lj(z = y)ll < ellz =yl /I LI,
and L"(S\ U;en 55) = 0.

Since L£™(S) > 0, there exists j € N with £"(S;) > 0. Then S; satisfies the
hypotheses of Lemma and so L™ (my (S5)) > L (my(S;)) > 0 for all V € G(n,m)
with ||(7TV|Lj(Rn))_1||_ > 2¢. Let L = L. Repeat this for each i € N with e = 1/i.
The set G(n,m) is compact and so we may suppose that Ly ;(R") — W € G(n,m).
The only V' € G(n,m) for which L™(my(S)) = 0 satisfy ||(7TV|L1/i(Rn))_1||_1 <
2/i and hence ||(my|w)~t|™! < 2/i for each i € N. That is, V. N W, # {0} as
required. ]
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9.1. Exercises.

Exercise 9.1. Let X be a metric space, Y C X and f: Y — R L-Lipschitz. Define
f: X = Rby

f(x) =sup{f(y) — Ld(z,y) : y € Y}.

(1) Show that f is an L-Lipschitz extension of f to X. This is called the
McShane—Whitney extension theorem

(2) If f: Y — R™ is L-Lipschitz, show that there is a y/nL-Lipschitz extension
of f to X.

(3) The following example shows that the vector valued extension cannot have
the same Lipschitz constant in general: Let

Y = {(-1,1),(1,-1),(1,1)} C ¢4
and define
f(_l’ 1) = (_1’O)a f(17_1) = (1’0)7 f(la 1) = (07\/§)

Show that f is 1-Lipschitz but has no 1-Lipschitz extension to Y U {(0,0)}.

(4) However, the Kirszbraun extension theorem states that any Lipschitz map
between any two Hilbert spaces may be extended whilst preserving the Lip-
schitz constant.

Exercise 9.2. (1) Let E C R™ be n-rectifiable. Show that H"|g is o-finite.
(2) Show that Theorem (9.5 may not be true if E does not satisfy H"(E) < oc.

10. PURELY UNRECTIFIABLE SETS

Definition 10.1. A H"-measurable set S C R™ is purely n-unrectifiable if, for all
n-rectifiable E C R", H"(SNE) = 0.

Lemma 10.2. The four corner Cantor set K C R? is purely 1-unrectifiable.

Proof. Observe that the coordinate projections of K have £! measure zero (see
Exercise [10.1)). If there existed a rectifiable v C R? with H!(yN K) > 0, then yN K
is a l-rectifiable set of positive measure and hence, by Corollary one of the
coordinate projections must have positive measure, a contradiction.

For a second proof see Exercise [10.2 ]

Lemma 10.3. Let A C R™ be H™-measurable with H™(A) < oo. There exists a
decomposition A = E' U S with E n-rectifiable and S purely n-unrectifiable.

Proof. Let
t =sup{H"(E) : E C A,n-rectifiable}.

Since H"(A) < oo, t < co. Let E; C A be n-rectifiable with H"(E;) — ¢. Then
E = U;ey Ei is n-rectifiable and is contained in A. Therefore

t > HY(E) > HY(E;) — t

and so H"(E) =t. Then S = A\ E is purely n-unrectifiable. Indeed, if f: R™ — R™
is Lipschitz, E' = (A\ E) N f(R"), is H™-measurable and so

t>HYEUE') =H"(E) +H"(E') =t + H"(E').
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We now state a very important theorem on the structure of purely unrectifiable
sets. It requires the notion of a natural measure 7, , on G(n,m) that is invariant
under the action of SO(m). There are several ways to construct this measure. The
simplest is to consider G(n, m) as a (compact) metric space equipped with the metric

d(V,W) = |lmv — 7w ||.
Then 7y, , is given by (a scalar multiple of) H™Mm=7)  We will not discuss the specific

details of this measure. When n = 1, we may identify G(1,m) with S™~!. In this
case, Y1,m is simply H™ 1.

Theorem 10.4 (Besicovitch-Federer projection theorem). Let S C R™ be purely
n-unrectifiable with H"(S) < oo. Then, for vy m-a.e. V € G(n,m),
L"(my(S)) =0.

Conversely, if E C R™ is purely n-unrectifiable with H"(E) > 0, for ~pm-a.e.
Ve G(n,m),
L7y (E)) > 0.

Remark 10.5. The converse statement is given by Corollary

We will prove the projection theorem for n = 1 and m = 2, which was proved
by Besicovitch. First we prove some preliminary geometric properties of purely
unrectifiable sets.

Lemma 10.6. Let E C R™, V. € G(m —n,m) and 0 < s < 1. Suppose that, for
every x € E,

ENnC(z,V,s)NB(z,r) = 0.
Then E is n-rectifiable.

Proof. Since E may be divided into countably many sets of diameter at most r, we
may suppose diam F < r. In this case, m,1 has Lipschitz inverse on E. Indeed, if
z,y € E then y & C(z,V,s) and so

[mys(z —y)| = dist(z —y, V) = sllz —y||.
Therefore, E is covered by a Lipschitz image of R". O

Lemma 10.7. Let S C R™ be purely n-unrectifiable, V € G(m —n,m), 0 < s < 1
and 0 < 4, A < oo. If

(10.1) H'(SNC(x,V,s) N B(x,r)) < \r's"
for everyx € S and 0 <r < ¢ then

H" (SN B(a,d/6)) <2-20"\0"
for every a € S.

Remark 10.8. Note that this is certainly not true for a rectifiable set E; the first
cone may be empty for every z € E.

Proof. For a fixed a € S, we may suppose S C B(a,d/6). By Lemma we may
suppose that
SNC(x,V,s/4) £ 10

for every x € S. For every x € S let
h(z) = sup{lz —y|:y € SNC(x,V, s/4)},
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so that 0 < h(z) < §/3 for all x € S. Pick z* € SNC(x,V,s/4) with |z — z*| >
3h(z)/4 and let C; be the cylinder
Cy =y (my 2 (B(w, sh(z)/4))).
We claim that
(10.2) C,NSCC(x,V,s)N B(x,2h(z)) UC(z*,V,s) N B(z*,2h(x)).
(Draw a picture!) Suppose z € C,, NS does not belong to the first set. Then
slla” = z[| < fwyr (2" = 2)|
< lmy (@ =2 + [lmy e (@ = 2)
< slx* —x|/4 + sh(x)/4
< sh(x)/2,
where the penultimate inequality follows because z* € C(x,V,s/4) and z € C,.
Therefore
[ = 2| = |lz — ™| — [|l2* - =]
> 3h(x)/4 — h(x)/2
> |lmye(z = 2)/s.

That is, z belongs to the first set in ([10.2)).
By (10.2) and (10.1),

HL(S N Cy) < 2M(2h(z)s)™.
We apply Lemma [6.1] to the balls
Ty 1 (B(x, sh(z)/20))

with « € S. This gives countably many z; € S, for which these balls are disjoint,
and

sc .
i€EN
Therefore
H(S) < D H(Co,)
€N
< 2X2") (sh(x))"
€N
sh(z;)\"
= 2X2"20"
(%)
ieN
But, the 7,1 (B(z;, sh(x;)/20)) are disjoint subsets of B(my 1 (a),d/2) C V+ and so
the final sum is bounded above by (§/2)". O

Corollary 10.9. If S C R™ is purely n-unrectifiable with H"(S) < oo then for
every V.€ G(m —n,m), every 0 < s <1 and H"-a.e. x € S,

0*"(SNC(a,V,s),a) > 240" 15"
Proof. For a fixed V,s, this is immediate from the fact that ©*"(S,a) > 27" al-

most everywhere. To obtain the conclusion for all Vs, note that the conclusion is
determined by a countable dense set of V| s. g
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Theorem 10.10. Let E C R™ satisfy H"(E) < oo and suppose that, for H™-a.e.
x € E, E has a unique approximate tangent plane at x. Then E is n-rectifiable.

Proof. By Lemma there exists a decomposition £ = E' U S, where E’ is n-
rectifiable and S is purely n-unrectifiable. We must show that H"(S) = 0. Note
that, by applying Lemma to E’, we see that the approximate tangent plane to
FE at x € S is also an approximate tangent plane to S for H™-a.e. x.

It suffices to show, for a fixed W € G(n,m), that the set S’ of z € S whose
approximate tangent plane V, lies in B(W, §) has measure zero. Suppose not. Then,
for any A > 0, there exists an R > 0 such that the set S” of those x € S’ with

H™(S N Bla,r)\ C(a, Va, 1/3))

sup - < A3
0<r<R r

has positive measure. Fix an x € S”. Since ||my, — mw|| < 1/3, for every 0 <r < R
we have

C(x,W*,1/3) N B(x,r) C B(z,r)\ C(x, Vy, 1/3).
Thus, for z € §” and 0 < r < R,
H™(S' N C(x, W+,1/3) N B(z,r)) < X377
If A < 240~™!, Corollary implies H"(S”) = 0, a contradiction. O

We now prove the Besicovitch projection theorem [I]

Theorem 10.11. Let S C R? be purely 1-unrectifiable with H'(S) < co. Then for
H'-a.e. ec S,
LY (me(9)) = 0.

We follow the presentation of Orponen [2].

From Corollary we see that a purely unrectifiable set has many radiating
out of almost every point in all directions at almost every point. We now precisely
describe two ways in which this can occur.

Notation 10.12. Let S C R? and x € S. For e € S! let l.(z) be the half line
z + [0,00)e and for I C S!, let C(I,z) be the cone |J ., le(z). For r > 0 let Hy(r)
be those e € S! for which

|K Nle(x) N B(x,r)| > 2.

That is, SNl.(x) N B(z,r) contains another point of K. Also let H, = (,- Hz(r),
the directions that contain other points of S arbitrarily close to z. For e € S!, we
let He be those x € S for which e € H,.

For R, M,e > 0 let D, (R, M, ¢) be those e € S' for which there exists 0 < r < R
and an interval I C S! with e € I and 0 < H!'(I) < € such that

HY(SNC(z,I)N B(z,7))

> MHNI).
;

That is, the density of S in the cone C(x, I) at scale r is very high, compared to the
length of I. Also let D, = ﬂR7M76>0 D.(R,M,¢). For e € S', we let D, be those
x € S for which e € D,,.

The main step in proving Theorem is the following.

Proposition 10.13. Let S C R? be purely 1-unrectifiable with H(S) < oo. For
H-a.e. x €S, H(S\ H, UD,) =0.
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Before proving Proposition [10.13] we will demonstrate how it is used to prove

Theorem [I0.11]

Lemma 10.14 (Special case of the coarea formula). For anye € S* and any compact
K C R?,

/R card(K Nl (1)) dt < HY(K).
In particular, if HY(K) < oo then for any e € S, LY (7,1 (H,)) = 0.
Proof. Since K is compact,
f(t) = card(K Nlie(t))
is a Borel function. Indeed, if, for § > 0,
f5(t) =max{n € N:3zy,...,z, € KNI(t) with ||z; —z;|| > V1 <i#j<n}

then fs monotonically increases to f as é — 0. Since K is compact, the f5 are lower
semi-continuous. Therefore, by the monotone convergence theorem, it suffices to
bound the integral of each f;.

Fix § > 0 and cover K by sets Fi, Es, ... with diam F; < ¢ such that

> diam E; < H'(K) + 6.
€N
Note that
fs(t) < card({i: E; Nl(t) # 0}).
Therefore

/Rf(; dct S/RZX{(i,t):Eiﬂle(t)#@}

€N
- Z / X{(i,t): EiNle(t) 70}
ieN VR
ieN
<H'(K) +3,

as required. O

Lemma 10.15. Let S C R? be H'-measurable with H'(S) < oo. Then for any
e €S, LY(m.(De)) =0.

Proof. Fix e € S'. For any M € N and t € 7,1 (D,) there exists an x € De, r, > 0
and an interval e € I, C S! with diam I < 1/10 such that

HYSNC(z, 1) N B(z,r)) > MH(r]).

Apply Lemma [6.1] to the intervals J, = 7,1 (C(z, I;) N B(z,7;)) to obtain a disjoint
collection J3,, Jy,, ... C R such that

D.c | )5,
€N
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Therefore
LY(De) <> 5L (T,)
1€EN
<5 H'(rl,)
€N
5 1
< 97 2 HNS N Clai, L) 0 Bl )
1€EN
< 2H'(S)
<o ,

where the final inequality follows from the disjointness of the sets C(z;, Iz,) N
B(z;,7), i € N. Since this is true for all M € N, £}(D,) = 0. O

Proof of Theorem [10.11] using Proposition[10.13. By the inner regularity of H!, it
suffices to prove the result for compact S. By definition, we have

{(z,e) e SxS':eg H,UD,} = {(x,e): 2 ¢ H.UD,}.

Proposition [10.13| implies that the left hand expression has H! x H'-measure zero
and so Fubini’s theorem implies that, for H!-a.e. e € S!, H(S\ H. U D.) = 0.
Therefore, by Lemmas [10.14| and [10.15] 7. (S) = 0 for H!'-a.e. e € SL. O

Proof of Proposition[10.13, Fix R, M,e > 0 and x € S which satisfies the conclusion
of Corollary That is,

(10.3) oxl(SnC(x,I),z) > ceH' (1)

for every interval I C S!. Tt suffices to show that H!(S'\ H,(R)U D, (R, M,¢)) = 0.
In fact, we will show that, for any e € S,

O™ (Hy(R),e) >0 or OL(Dy(R,M,e),e) >0,

from which the result follows by the Lebesgue density theorem.
To this end, fix e € S! with ©%1(H,(R),e) = 0. Then for all sufficiently small
intervals I withe € I C S',

(10.4) HY (H,(R)NT) < coH' (I)/4M.

Fix such an I. By Eq. , there exists r < R with

(10.5) HY(SNC(x, 1) N B(x,r)) > corH(I).

Note that implies

(10.6) HY(H,(r)NI) < coH(I)/4M.

We will prove that

(10.7) HY(D (R, M,e) N I) > oM (I)/4M.

Since I is any sufficiently small interval containing e, this implies
OL(D.(R, M,e),e) > co/4M > 0

as required.

By (10.6) we may cover Hy(r) NI by disjoint intervals Iy, I5, ... with
> HNL) < oM (I)/4M

1€N
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(indeed, the disjointness of the intervals is shown in Exercise|10.6)). By the definition
of H,(r), we know that

(10.8) SNC(zx,I)N B(x,r) C USﬂC:BI)ﬂB(ﬂ:r)
€N
Let G be those i € N with

HY(SNC(z, L) N B(z,7r))

(10.9) -

Note that by ((10.5) and (10.8]),

Z HY(SNCO(z, ;) N B(x,7)) S HY(SNCO(z,I)N B(z,r)) B coH (1)

> MH(L).

r - r 4

> 3007'[1 ([ ) .

- 4
That is, the cones associated to G := | J;¢g Ii cover a large proportion of SNC/(x, I)N
B(z,r). Moreover, G C D,(R, M,e¢), because if £ € G then & € I; for some i € G
which satisfies the definition of D, (R, M, €).

Thus, to show , it would be enough to bound H!(G) from below by a
multiple of H!(I). But this is not necessarily true: the intervals that form G could
be extremely thin compared to I. To accommodate this, we enlarge the intervals I;
with ¢ € G as follows. For each ¢ € G enlarge I; until becomes an equality
or until [; intersects another I;. If the first possibility occurs then we still have
I; C D,(R, M,e). If the second possibility occurs then we merge the two intervals;
since both sides of (10.9)) are linear in I, and the boundary of each C(z, I;) contains
no points of S, mains true after the merge. By the same reasoning, both
sides of are continuous under expanding I and consequently one of the two
possibilities must occur.

This results in a disjoint collection of intervals I; for which is an equality.

Moreover,
G = U I; C Ujl
i€g
and, by construction, each I e D, (R, M,e). Therefore

i€G

HY(Dy(ro, e, M) N I) 227—[1
_Z SﬂBwr)ﬂC’(mI))

> Z H( SﬁB(w,r) NC(x, 1))

» rM
1€G

S 3007-[1([).
- 4AM

10.1. Exercises.

Exercise 10.1. Prove that the coordinate projections of the four corner Cantor set
K C R? have Lebesgue measure zero.
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Exercise 10.2. A second proof that the four corner Cantor set is purely 1 unrecti-
fiable.
Suppose that f: R — R? satisfies H!(f(R) N K) > 0.

(1) Prove that there exists z € R that is a density point of f~1(K) such that
J'(2) £0.

(2) Therefore, for sufficiently small r, f(x — r,x 4+ r) is approximated by a line
segment of length 2r f/(z) that is mostly contained in K. Derive a contra-
diction.

Exercise 10.3. Prove that the decomposition given in Lemma [10.3|is unique up to
‘H"-null sets.

Exercise 10.4. Think about Corollary and Proposition [10.13]in regard to the

four corner Cantor set.

Exercise 10.5. Let K C R? be compact. Show that
{(z,e):e€ Hy} and {(z,e):e€ D,}
are Borel subsets of K x S'.

Exercise 10.6. Show that in the definitions of £" and H"™ we may suppose the
covering intervals, respectively sets, may be chosen to be disjoint.

Exercise 10.7 (Open problem). For k£ > 2, does there exist a compact purely 1-
unrectifiable S C R? with H!(S) > 0 that intersects every line in at most k points?
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