RADEMACHER’S THEOREM FOR METRIC MEASURE SPACES

DAVID BATE

1. INTRODUCTION

Rademacher’s theorem states that any Lipschitz f: R® — R is differentiable
Lebesgue almost everywhere. This is a generalisation of a result of Lebesgue who
proved it for n = 1. It is a fundamental result in geometric measure theory. For
example, it shows that any rectifiable set possesses a weak tangent plane at almost
every point. Moreover the statement itself is very interesting in its own right; the
fact that a seemingly rather simple condition can impose such strong regularity is
quite remarkable. Rademacher’s theorem leads to many more questions that can
be answered.

Recently there has been a wealth of interest in generalising results of classical
analysis to the setting of metric spaces, possibly with an underlying measure. Nat-
urally, Rademacher’s theorem is a candidate for such a generalisation. This course
will focus on a new proof of Cheeger’s generalisation which replaces the domain
with a doubling metric measure space (X, d, 1) that satisfies a Poincaré inequality
[Che99]. This proof uses modern techniques developed in [Bat14] which consider
a rich structure of Lipschitz curves in the metric space (known as “Alberti repre-
sentations”) which allow us to form a partial derivative of any Lipschitz function
f+ X — R. By considering many such families of curves, we are able to form a
derivative of f and hence deduce Cheeger’s theorem.

This constitutes the third proof of Cheeger’s theorem. In addition to the orig-
inal, Keith [Kei04] gave an independent proof (see also [KM16]). One common
element to all three of these proofs is the use of weak tangent spaces (defined via
Gromov-Hausdorff convergence), which is only natural considering the nature of the
derivative. Essentially, after an analysis of a large collection of Lipschitz functions
in the metric space X, one takes a weak limit and the tangential behaviour of these
Lipschitz functions is significantly more rigid (i.e. linear in the classical theory).
The doubling condition then gives an upper bound on the number of different (i.e.
linearly independent) tangential behaviours the large set of Lipschitz functions can
posses, which ultimately leads to the existence of a derivative.

2. ANALYSIS ON METRIC SPACES AND THE POINCARE INEQUALITY

Definition 2.1. A metric measure space (X,d, ) consists of a complete metric
space (X,d) equipped with a o-finite Borel measure pu. That is, all Borel subsets
of X are measurable and there exists a decomposition

x=Jx
i€N
into Borel sets such that u(X;) < oo for each i € N.
For many purposes, this definition includes spaces that are simply too large to

work in. Often, it is natural to impose the following mild “finite dimensional”
condition.
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Given a metric space X, x € X and r > 0, we will denote by B(x,r) the closed
ball centred at x with radius r. Given a ball B and A > 0, we will denote by AB
the ball with the same centre and with radius A times bigger.

Definition 2.2. A metric measure space (X, d, u) is doubling if there exists a C > 1
such that, for each ball B C X,
0 < p(2B) < Cu(B) < .

We will write doub(u) for the least such C, the doubling constant of . In particular,
by induction,
(2.1) u(2"B) < C"(B)
for each n € N.

An example of doubling metric measure spaces are Ahlfors reqular metric mea-

sure spaces. A metric measure space (X, d, 1) is a-Ahlfors regular, for some a > 0
if there exists a C' > 1 such that

r?/C < u(B(z,r)) < Cr®
for each z € X and r > 0.
Related to doubling measures are doubling metric spaces.

Definition 2.3. A metric space X is doubling if there exists an NV € N such that
each ball B C X is covered N balls of half the radius of B.

The smallest such N is called the doubling constant of X and is denoted by
doub(X).

Lemma 2.4. If (X,d, 1) is a doubling metric measure space then (X, d) is a dou-
bling metric space. Moreover, doub(X) is bounded from above by a quantity de-
pending only upon doub(pu).

Proof. Let B C X be a ball of radius r and let X’ be a maximal r/2-net of B. That
is, d(x,2’) > r/2 for any z,2’ € X and, for any y € X, there exists z € X with
d(z,2") <r/2. Thus
(2.2) Bc | B(,r/2)
TeEX

and
(2.3) J B(x,r/4) c 2B

TeEX

and this final union is disjoint.

We claim that the size of X is finite, and depends only upon doub(u). Indeed,
suppose that there were at least n elements z1,...,2, € . Then by eq. 7 for
each 1 <i<n,

#(2B) < u(B(w;,4r)) < doub(p)* u(B(w;, 7/4))
Thus, since the B(z;,r/4) are disjoint, eq. (2.3]) gives

np(2B) < Zdoub(u)‘*u(B(xw/‘l)) < doub(p)"u(2B),

so that n < doub(u)?. Equation (2.2)) completes the proof. O

Observation 2.5. Let X be a doubling metric space. Then by induction, any ball
B(z,7) can be covered by doub(X)™ balls of radius 2~ "r. In particular, for any
a > log, doub(X), H*(B(z,r)) = 0. Therefore, dimyg X < log, doub(X).
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A standard property of doubling measures is that they satisfy the Vitali covering
theorem, and hence the Lebesgue density theorem. The proofs of these facts follow
the classical proofs with minor superficial changes. See for example [heinonen)].

Theorem 2.6 (Lebesgue differentiation theorem). Let (X, d, 1) be a doubling met-
ric measure space and f: X — R a positive integrable function. Then

1
r—0 /J(B(l'7 T)) /B(z,r) f . f(x)

for p-a.e. x € X.
In particular, if S C X is measurable, for p-a.e. x € S,

. p(B(z,r)NS)
24) P (B, )

Definition 2.7. Let X be a metric space and S C X. A point x € S is a porosity
point of S if there exist an n > 0 and z,, — = such that

(2.5) B(xy,nd(z,2,)) NS =10

for each n € N. Further, S is porous if all of its points are porosity points.

=1

Corollary 2.8. Let (X,d, u) be a doubling metric measure space and S C X. Then
the set of porosity points of S has p measure zero.

Proof. Suppose that x € S satisfies eq. for some 0 < np < 1. For each n € N,
eq. gives
W(B(an,nd(z,2,))) = doub(p) N u(B(wn, 2d(x, 2,)))
> doub(u) N u(B(z, d(z, x,))),
for N = [2/n]. In particular,
w(B(z, 2d(z,2n)) N S) < p(B(x, 2d(z, xn)) \ B(wn,nd(z,20)))
< (1 — doub() "™ )u(B(x, 2d(z, 1))).

Therefore, z does not satisfy eq. (2.4), and so the set of such = has p measure
Z€ro. U

We introduce some standard notation. For an integrable f: (X,d,u) — R and
B C X of positive and finite measure, let

1
]{deﬂ—m/deM
and fp = §5 fdp.

The proof of the classical Poincaré inequality relies on using the fundamental
theorem of calculus along lines in the domain. This motivates our definition of a
Poincaré inequality in the setting of metric measure spaces, but we must replace a
“line” by a rectifiable curve. That is, a Lipschitz function v: [0,{] — X, for some
I > 0. However, we need a concept to replace the derivative in the classical setting.

Recall that the poitwise Lipschitz constant of a Lipschitz function f: (X,d) —

(Y, p) is defined by
. : p(f (@), f(y))
Lip(f, x) := lim sup ————~=—.
( ) y— d(x,y)
Definition 2.9. Let v: [0,!] — X be Lipschitz and p: X — R be Borel. The line

integral of p over -y is

l
/pdsz/o p(y(t)) Lip(v,t) dt.
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We can now define a replacement for the fundamental theorem of calculus in a
metric space.

Definition 2.10. Let X be a metric space and f: X — R a Lipschitz function. A
Borel function p: X — [0,00) is an upper gradient of f if, for every z,y € X and
every rectifiable curve 7 joining x to y,

)~ F)l < [ pds.
gl
Observe that, if X = R™, then by Lebesgue’s theorem, p = ||Df|| is an upper
gradient of any Lipschitz f: R® — R. More generally, for any metric space X
and any Lipschitz f: X — R, Lip(f,-) is an upper gradient of f. Indeed, this is
immediate from the inequality

[(f o) (t)] < Lip(f,~(t)) Lip(v,1).

Observe that the upper gradient is only interesting when X has a rich structure
of rectifiable curves. For example, if X contains no non-trivial rectifiable curves,
as is the case when X = {0,1}, then p = 0 is an upper-gradient of any Lipschitz
function.

The notion of a Poincaré inequality in a metric measure space says that any
upper gradient of a Lipschitz function must control the behaviour in a very precise
way. The Poincaré inequality in this setting was first introduced by Heinonen
and Koskela [Heinonen'1998]. We give a slightly different formulation that is
equivalent whenever the measure is doubling.

Definition 2.11. For p > 1, a metric measure space (X, d, i) satisfies a p-Poincaré
inequality if there exists a C' > 1 such that, for any ball B C X, any Lipschitz
f: X — R and any upper-gradient p of f,

(2.6) F 17— f5l < Crad() <]é o du>;

We say that (X, d, u) is a p-PI space if it is doubling and satisfies a p-Poincaré
inequality. We will write PI(u) for the least C' > doub(y) for which eq. (2.6]) holds.

By Holder’s inequality, the Poincaré inequality becomes weaker as p increases.
The classical Poincaré inequality shows that that Euclidean space is a 1-PI space.
The class of PI spaces is very rich (see [Kei04, p. 274]) and in particular include
all limits of Riemannian manifolds whose Ricci curvatures are uniformly bounded
from below and all Carnot groups. Laakso gave several very interesting, non-trivial,
and highly non-Euclidean examples of 1-PI spaces [laakso; laakso-graph].

3. RADEMACHER’S THEOREM FOR METRIC MEASURE SPACES: CHEEGER’S
THEOREM AND ALBERTI REPRESENTATIONS

‘We now move on to considering the derivatives of real valued Lipschitz functions
defined on a metric space. The first way to generalise a derivative to this setting was
introduced by Cheeger [Che99| and was later refined by Keith [Kei04]. It simply
replaces to coordinate functions in Euclidean space by an arbitrary vector valued
Lipschitz function.

Definition 3.1. Let ¢: X — R" be a fixed Lipschitz function and zg € X.
A function f: X — R is differentiable with respect to ¢ at xzq if there exists a
unique D f(z) € R™ such that

i sup () = F(@0) = D (@) - (9(x) = $(wo))

= 0.
T—T0 d(xa 330)
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Note that we must assume that the derivative is unique as a part of the definition.
We can now say what it means for a metric measure space to satisfy a generali-
sation of Rademacher’s theorem.

Definition 3.2. A metric measure space (X,d, ) is a Lipschitz differentiability
space if there exists a countable Borel decomposition

x=u
iEN
and countably many Lipschitz functions ¢;: X — R™ such that the following is
true: For every Lipschitz f: X — R and every ¢ € N, f is differentiable at p-a.e.
point in U; with respect to ¢;.
We call the pair (U;, ¢;) a chart.

This is all the required concepts to state Cheeger’s theorem |Che99).
Theorem 3.3 (Cheeger). Any PI space is a Lipschitz differentiability space.

The fact that a function f is differentiable with respect to ¢ at a point o should
be compared to the statement that a vector v is a linear combination of a collection
of vectors p1,pa,...,pn. Essentially, it says that the components of ¢ span all the
possible infinitesimal behaviours of a Lipschitz function at xg.

The fact that the derivative is unique is comparable to the fact that the com-
ponents of ¢ are linearly independent. Indeed, since the zero function must have
a unique derivative, namely derivative zero, at almost every point, we see that for
almost every xg, Lip(D - ¢, x9) = 0 implies D = 0. It is easy to see that either of
these two conditions are equivalent to the fact that the derivative of any Lipschitz
function is unique almost everywhere.

This idea can be expanded upon to give the following characterisation of Lips-
chitz differentiability spaces. It is comparable to the following statement: Suppose
that, for a vector space V, there exists a N € N such that any collection of linearly
independent vectors has size at most N. Then V has a basis of size at most N.

We require the following measure theoretic property: Suppose that p is a o-
finite measure on X and that 7 is a collection of © measurable sets such that any
positive measure subset of X contains a positive measure element of 7. Then we
can decompose almost all of X into a countable union of elements of 7.

Proposition 3.4. Let (X,d, ) be a o-finite metric measure space and suppose that
there exists an N € N for which the following is true. When ever ¢: X — R" is
Lipschitz with the property that

(3.1) Lip(D - ¢,z) >0 for every D € R™\ {0},

for a set of positive measure x € X, then n < N. Then (X,d,u) is a Lipschitz
differentiability space.

Proof. Let U C X be a Borel set of positive measure. Either every Lipschitz
¢: X — R satisfies Lip(¢, x) = 0 for p almost every z € U or there exists a Uy C U
of positive measure and a Lipschitz ¢;: X — R with Lip(¢1,2) > 0 for every
x € U;. Given the first option we stop; in this case X is a Lipschitz differentiability
space with respect to the zero function. Otherwise we proceed iteratively.

Suppose that we have, for some n € N, a Lipschitz ¢,: X — R™" and a U, C U
with p(U,) > 0 such that Lip(D - ¢,x) > 0 for every D € S"~! for almost every
x € U,. Then either

e (U,, ¢) is a chart with respect to which every Lipschitz f: X — R is dif-
ferentiable almost everywhere;
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e or there exists a U, ;1 C U, of positive measure and a Lipschitz ¢"T1: X —
R such that ¢’ = (¢, ") satisfies Lip(D - ¢/, x) > 0 for every D € R"T1\
{o}.

Note, in the first case, as mentioned in the discussing preceeding the proposition,

the uniqueness of the derivative is equivalent to the induction hypotheses on ¢.
By hypothesis, the second option cannot hold for sufficiently large n, and so at
some point we find a subset of U of positive measure which forms a chart. The
standard measure theory result completes the proof. O

We now introduce an alternative way to generalise Rademacher’s theorem to
metric measure spaces. However, it turns out that this in an equivalent formulation
to Cheeger’s. This is nice because it allows us to have two very different descriptions
of the same phenomenon.

This alternative formulation is based on the idea of forming a partial derivative
of any Lipschitz function along a rectifiable curve.

Definition 3.5. Given a metric space X, define the set of curve fragments in X
to be

I'(X) ={v: dom~ C [0,1] — X : dom~ compact, non-empty, v 2-biLipschitz}.
Given v € T'(X) let
Graph(y) = {(¢,7(t)) : t € dom~} C [0,1] x X.

This is injective and so we can define a metric on I'(X) as the Hausdorff metric on
the graphs of curve fragments.

We do not assume that dom+ is connected; one should imagine that dom~ is
a fat Cantor set. This is important, so that I'(X) is much richer than the set of
rectifiable curves in X. The details of th metric on T'(X) are not important to us,
only the fact that its existence allows us to consider Borel measures on I'.

Definition 3.6. An Alberti representation of a metric measure space (X,d, )
consists of a probability measure P on I'(X) and for each v € T'(X) a measure
oy < M|y such that

u(B) = [ (B)dp()
r(X)
for every Borel B C X.

The motivation for considering Alberti representations is the following. Suppose
that f: X — R is Lipschitz and that v € T'(X). Then the composition

fo~: domvy — R

is Lipschitz and so is differentiable almost everywhere by Lebesgue’s theorem. That
is, for H' almost every = € Im+, there exists a partial derivative of f at x given
by (f o) (v 1(x)). Equivalently, the set S of points for which no such partial
derivative exists satisfies #*(y N S) = 0, and hence p~(S) = 0, for each v € T'(X).
Thus, if (X, d, 1) has an Alberti representation, such a partial derivative exists for
1 almost every = € X.

This should be compared to a standard proof of Rademacher’s theorem, where
a first step is to use the Fubini and Lebesgue theorems to find a partial derivative
of any Lipschitz function. Here, we are replacing the use of Fubini’s theorem with
the definition of an Alberti representation.

Of course, in the proof of Rademacher’s theorem, it is important that we can
find all n partial derivatives of a Lipschitz f: R™ — R. Our next step is to interpret
this for Alberti representations.
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In Euclidean space, we can distinguish different families of curves by considering
their tangents: some curves travel in a direction close to the e; direction, some
others close to the ey direction and so on. In metric spaces there is no natural way
to assign a tangent. However, we can use a Lipschitz ¢: X — R™ to pull back the
geometry of R™ to the metric space.

Definition 3.7. Let (X, d) be a metric space, ¢: X — R™ Lipschitz and C' C R”
a cone. We say that v € I'(X) is a C-curve (with respect to ¢) if

o(t) — ¢(s) € C\ {0} for every s,t € dom+.

Similarly, an Alberti representation (P, {4 }) of a metric measure space is a C-
Alberti representation (with respect to ¢) if P almost every curve is a C' curve (with
respect to ¢).

Finally, we say that a collection of Alberti representations

(]Pla {lu"ly})V R (Pna {M:})

is independent if there exists a Lipschitz ¢: X — R” and independent cones
Cy,...,C, C R™ such that (P, {;ﬁy}) is a C;-Alberti representation with respect to
¢ for each 1 < i <n.

We say that cones Ci,...,C,, C R™ are independent if any choice v; € C; \ {0}
forms a linearly independent set. Often the underlying function ¢ will be clear from
the context and we will not explicitly mention it.

We see from Fubini’s theorem that Lebesgue measure has a collection of n in-
dependent Alberti representations (and no more), and that this is precisely the
property required in the proof of Rademacher’s theorem.

The first half of our proof of Cheeger’s theorem will be to prove that a PI space
has a large collection of independent Alberti representations. Before we prove
this, we will develop a general technique for deciding when a measure has many
independent Alberti representations. To begin, we state a result characterising the
existence of a single Alberti representation of a measure.

Definition 3.8. Let X be a metric space, ¢: X — R"™ Lipschitz and C C R" a
cone. A Borel S C X is C-null (with respect to ¢) if H'(yNS) = 0 for each C-curve

Y-

Observe that, if a metric measure space is C-null then it cannot support a C-
Alberti representation. This is in fact a characterisation of those measures with
C-Alberti representations. We will use this fact without proof.

Proposition 3.9. Let (X,d,u) be a metric measure space, ¢: X — R™ Lipschitz
and C C R™ a cone. There exists a decomposition X = AU S such that u_A has
a C-Alberti representation and S is C-null. This decomposition is unique up to u
null sets.

This result follows from a generalised Lebesgue decomposition theorem. Observe
that, for any v € T'(X), the Lebesgue decomposition theorem given a decomposition
X = AU S such that u A < H!|, and H'|,(S) = 0. The mentioned generalised
Lebesgue decomposition theorem allows us to do this simultaneously for all C-
curves. See [Bat14, Section 5.1].

By applying the previous Proposition multiple times using a collection of inde-
pendent cones C1, Cs, ..., C,, we obtain a decomposition X = AUS;US,U...US,
where each S; is C;-null and p|4 has n independent Alberti representations. Thus,
we must find suitable conditions on p to imply that any C;-null subsets have mea-
sure zero. We will see that for PI spaces this is the case whenever the C; are
sufficiently wide. Of course, we cannot simply apply the Proposition to very wide
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cones, because they will not be independent. Therefore, we must do something
more involved.

4. ALBERTI REPRESENTATIONS FROM THE POINCARE INEQUALITY
We begin with some geometric results regarding Alberti representations.

Lemma 4.1. Let X be a metric space and ¢: X — R™ Lipschitz. Suppose that
S C X is C-null with respect to ¢. Then for any v € I'(X),

(¢p0v)'(t) ¢ interior(C)
for almost every t € y~1(S).

Proof. Suppose that the conclusion is false and that for some v € T'(X),
B={tey S): (pov)(t) € interior(C)}
has positive measure. Let
interior(C') = U C;
ieN
where each C; is closed and convex. Then there exists some i € N such that
Bi={teB:(po7)(t) € C;}

has positive measure. Further, since C; is a closed subset of interior(C'), there exists
an R > 0 such that the set
p(y(t+1)) —o(r(t))

r

By ={te€ By: eC\{0} VO<|rl <R}

also has positive measure.
By dividing Bs into finitely many subsets of diameter R, we can find one such
subset Bj of positive measure. In particular, for any s,t € Bs,

d(v(1)) — ¢(7(s)) e C\ {o}.

t —
Finally, by taking a compact K C Bjs of positive measure, we see that v|x is a
C-curve intersecting S in a set of positive measure. This is a contradiction. O

The previous lemma gives us the following method to “refine” the directions of
an Alberti representation. Of course, this makes most sense when the C; are very
thin.

Lemma 4.2. Let X be a metric space, ¢: X — R™ Lipschitz and C C R™ a cone.
Suppose that a measure p has a C-Alberti representation with respect to ¢. Then,

for any collection of cones C1,...,Cp CR™ such that
Cc\ {0} C U interior(C}),
i=1

there exists a Borel decomposition X = X1 U...U X,,, such that each plx, has a
C;-Alberti representation.

Proof. By Proposition there exists a decomposition X = X; US; such that X3
has the required form and S; is Ci-null. By applying Proposition again (to
tls,) we obtain a decomposition X = X; U X5 U Sy where X5 has the required
form and S is both Ci-null and Cs-null. By repeating, we obtain a decomposition
X = Xy U...UX,, US such that each X; has the required form and S is Cj;-
null for each 1 < ¢ < m. Therefore, by Lemma [{.1] S is C-null. Since p has a
C-Alberti representation, we must have u(S) = 0. Therefore, X] = X; U S also
has the required properties of X7, and X = X{ U Xy U ...U X,, is the required
decomposition. 0
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Finally, we may obtain the required decomposition mentioned at the end of
Section [Bl

Definition 4.3. For w € S"™! and 0 < 6 < 90, let C(w,0) C R™ be the cone
centred on w with interior angle 6.

Let X be a metric space and ¢: X — R" Lipschitz. Define the set fl(qﬁ) to be
the collection of S C X for which the following is true: For any 0 < 6 < 1 there
exists a Borel decomposition

S=5USU...US,
and wy, ..., w, € S""! such that S; is C(w;, 90 — #)-null for each 1 < i < m.

Theorem 4.4. Let (X,d, 1) be a metric measure space and ¢: X — R™ Lipschitz.
There exists a Borel decomposition

x=s5ulJ4
i€N
such that each u|a, has n independent Alberti representations and S € fl(¢)

Proof. We first prove the following. Given any 0 < # < 1 and 1 < d < n there
exists a Borel decomposition

(4.1) X:UAiUUSi

such that each p|a, has d independent Alberti representations and each S; is C;-
null, for some C; with interior angle 90 — 6. We iteratively find these Alberti
representations one-by-one as follows.

First apply Proposition [3.9 using an arbitrary cone C of interior angle 90 — 6 to
obtain a decomposition X = A U S where pu|4 has a C-Alberti representation and
S is C-null.

Now suppose that, for 1 < d < n we have a decomposition as in eq.
where each p|4, has d independent Alberti representations. For a 0 < a < 1 to
be determined later, by applying Lemma (and increasing m) we may suppose
that there exists wi,...,w € S"~! such that these Alberti representations are
C (w; , a)-Alberti representations.

Fix a 1 <1i < m and pick wf1+1 to be orthogonal to w?,. .., w?, which is possible
because, by assumption, 1 < d < n. We pick « so small that C(w3+1,90 —6)
is disjoint from each C(w?,a) (this is independent of the choice of the w’ and
only depends on n). Then the cones C(w},a),...,C(w),«) and C(w),,,0) are
independent. Now apply Proposition to obtain a decomposition 4; = A, U S’
where yi| 47 has d+1 independent Alberti representations and S is C(w},;,90—6)-
null.

Repeating this for each 1 < d < n completes the proof of eq. . To complete
the proof of the Theorem we apply eq. for each j € N with § = 1/j to

obtain a decomposition X = flj U S*j where each Aj is a finite union of sets with

n independent Alberti representations and each 5’j has a finite decomposition into
sets that are C-null for some cone C' of interior angle 90 — 1/j. Setting S = N;.5;
completes the proof. O

Given a Lipschitz ¢: X — R™, we a way to produce many independent Alberti
representations (and hence many partial derivatives of any Lipschitz function) after
excluding a certain A(¢) set. The next step is to show that we can remove this A(¢)
set when considering PI spaces. Of course, we cannot deduce that there arbitrarily
large collections of independent Alberti representations; R™ can have at most n
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independent Alberti representations. Observe that the main obstacle here is, for
poorly chosen ¢, the whole of X is a fl(gﬁ) set. For example, consider what happens
when ¢ =0, or X = R and ¢(z) = (x,z). The problem is that the components of
¢ are linearly dependent.

‘We have seen this condition before when considering the uniqueness of Cheeger’s
derivative. We will now show that for ¢ satisfying eq. (3.1)), fl(qﬁ) subsets of PI
spaces have measure zero.

Lemma 4.5. Let (X,d,u) be a doubling metric measure space and f: X — R
1-Lipschitz. There exists a constant n = n(doub(u)) > 1 such that, for any ball
BCX,

HOES I B}”’

— >
1t = fanldn = 0 rastup{ 1

In particular, if (X,d, p) is a PI space and p is an upper gradient of f,

Lip(f,x) < C(PI(p))p(a)"/"

for u almost every x € X.

Remark 4.6. The ‘in particular’ statement of the previous lemma is the only part
in the whole proof Cheeger’s theorem that requires the Poincaré inequality.

Proof. Fix a ball B C X and let

[f(z) = f(y)l

M = sup { rad B

:x,yGB}gl

If M = 0 there is nothing to prove and so we may suppose M > 0. Since B is
compact, there exist x1,x3 € B such that

|f(z1) = f(y2)| = M rad B.
For i = 1,2 let B; = B(x;, M rad B/10) C 2B. Then, since f is 1-Lipschitz,
|f(y1) — f(y2)| > 8M rad B/10
for each y; € B; and each ¢ = 1,2. In particular, there exists ¢ € 1,2 such that
|f(y:) = f2] > 4M rad B/10

for each y; € B;. Therefore,

2M rad Bu(B;)

1
(4.2) ]éB |f — fapldpu > M(QB)/Bi |f — fop|dp > 51(2B)

Now, rad B; = M rad B/10 and so, since u is doubling,

Clu)"u(Bi) > p(2B)

for n = —logy M/10 + 2. That is, if 6 = log, C' > 0 depending on C(y) such that
1(B;)
1(2B)

Combining this with eq. (4.2) completes the first part of the proof.
The second part of the lemma simply follows from the Lebesgue differentiation
theorem. (]

> COM?°

Proposition 4.7. Let (X,d, ) be a PINSpace and ¢: X — R™ Lipschitz satisfying
eq. (3.1) for allz € U € X. Then any A(¢p) subset of U has p measure zero.
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Proof. Since the definition of an fl(d)) set is invariant under scaling ¢, we may
suppose that ¢ is 1-Lipschitz.
For each x € U, the function

D e S" ! Lip(D - ¢, )

is Lipschitz and positive by assumption. Therefore, it is bounded below by some
Az > 0 for each x € U. The map = — A, is Borel and so we may decompose U into
sets U; = {x : A, > 1/i}, i € N. Since it suffices to prove that any A(¢) subset of
each U; has p measure zero, we may suppose that U = U; for some ¢ € N and set
A=1/i.

For 0 < # < 1and w € S" !, fix a C(w,90 — #)-null set S C U and set
f=w-¢: X - R. We claim that

p=1lse+0lg
is an upper gradient of f. Indeed, if v: [0,]] — X is parametrised by arc-length,
then by Lemma (po~) &int(C(w,0)) for almost every t € y~1(S). That is,
(o) )] =lw-(do7) ()] <Oll(poy) ()|l < OLipg =0

for almost every t € y~1(S). Therefore, by the fundamental theorem of calculus,

l l
s sl s o= [ ov [ 1 [

as required.
By applying Lemma [4.5 we find a C,n > 1 depending only on PI(u) such that,
for p almost every = € 5,

0 < A < Lip(f,z) < Cp(z)"/" = Co'/".

This is impossible if ¢ is sufficiently small, and so we must have p(5) = 0. Precisely,
any C(w, \7/C)-null subset of U has p measure zero. Therefore, any A(¢) subset
of U has p measure zero, as required. (]

We complete this section by summarising the main result.

Theorem 4.8. Let (X,d,p) be a PI space. Suppose that U C X and ¢: X — R
is Lipschitz such that eq. holds for all x € U. Then there exists a count-
able Borel decomposition U = U;A; such that each u|a, has n independent Alberti
representations.

In particular, if there exists an N € N such that, for any U C X with u(U) > 0,
wlu can have at most N independent Alberti representations, then X is a Lipschitz
differentiability space.

Proof. The first part follows by combining Theorem [4.4] and Proposition [4.7]

By combining the hypotheses of the second part with the first part of the the-
orem, we precisely satisfy the hypotheses of Proposition [3.4] The conclusion fol-
lows. (]

The last step of the proof is to use the doubling condition to find the N appearing
in the hypotheses of the previous theorem.

5. GROMOV—HAUSDORFF CONVERGENCE, WEAK TANGENT SPACES, AND
CONCLUDING THE PROOF OF CHEEGER’'S THEOREM

We want to consider a notion of convergence of metric spaces. There are many
variations of a core idea developed by Gromov, and are all referred to by “Gromov—
Hausdorff convergence”. The specific variation that allows us to define a tangent of
a doubling metric space requires us to consider a distinguished point of the metric



12 DAVID BATE

space. A pointed metric space (X, d, z) consists of a metric space (X, d) and a point
x € X. We will also consider the limiting behaviour of a Lipschitz function defined
on the space. A space-function (X,d,x,¢) consists of a doubling pointed metric
space (X, d,x) and a Lipschitz ¢: X — R™.

Definition 5.1 (Gromov-Hausdorff). A sequence (X,,d,,x,) of pointed metric
spaces Gromov—Hausdorff converges to a pointed metric space (X,d,z) if there
exists a sequence of maps (called Hausdorff approzimations) t,: X — X, with
tn(x) = zp, such that, for any R > 0,

(5.1) dn (10 (y), tn(2)) = d(y, 2)
uniformly on B(z, R) and, for any € > 0 and sufficiently large n,
(5.2) B(tn(B(z, R)),€) D B(z;, R —¢).

Further, a sequence of space-functions (X, dn, Tn, ¢n) Gromov—Hausdor(f tan-
gent to a space function (X,d,x,¢) if (X,,dn,x,) — (X, d,x) via Hausdorff ap-
proximations ¢, : X — X, and

(5.3) Pn(tn(2)) = ¢(2)

for each z € X.

Remark 5.2. The first condition says that the Hausdorff approximations become
more and more isometric on compact sets, whilst the second says they become more
and more surjective.

Using similar techniques to the Arzela—Ascoli theorem, we have a compactness
theorem for Gromov—Hausdorff convergence.

Theorem 5.3. Let N, L > 0 and, for eachn € N, let (X,,,d,,) be a doubling metric
spaces with doub(X,,) < N, z,, € X,, and ¢,,: X — R™ be an L-Lipschitz function.
Then there exists a doubling pointed metric space (X,d) (with doub(X) < N), x €
X and an L-Lipschitz ¢: X — R™ such that, after possibly taking a subsequence,

(X, dn, T, ¢n) — (X, d, z, 9).

Proof. We will only demonstrate the construction of the limit space (X, d, z). The
existence of ¢ then follows from a superficial modification of the proof of the
Arzela—Ascoli theorem.

Fix R > 0. For each k,n € N let

Y= {ygvy?a"wy?/(k)}

be a 1/k-net of B(z,, R). Note that since the X,, are uniformly doubling, such a
net, where the number of elements is independent of n, exists. We may also require
that yj = x, for each n € N. Note that, by our choice of notation, we are also
requiring that the 1/k-nets of each X,, are nested as k increases.

Consider the tuples

D} = (duyf',u}) 1 <4,§ < N(k)) € [0, RIV®
By the compactness of [0, R], by takmg a subsequence if necessary, we may suppose

that there exists a Dy, € [0, R]¥N®® such that D' — Dy as n — oo. Let By be an
arbitrary set of N (k) elements, say

Bk = {9613---796‘N(k)}
and define dy(z;, ;) = (Dy);j, so that
(5.4) di(xi,25) = lim dn(y}',y3).

Thus, cfk defines a pseudo metric on Ek
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We now repeat this for each k£ € N and take a diagonal subsequence such that
eq. holds for each £ € N. Since the D} are nested, the By, are also nested
and dk|Xj = dj whenever j < k. Thus we may define B= UkBk and d = lim dk on

E, so that d is also a pseudo metric. We let (B , J) be the quotient metric space of
(E, cZ) and let (B, d) be the completion of (B,d)

Now observe that, for any n € N and k¥ < j € N, Dy is a 1/k-net of D}. It
follows that By is a 1 /k-net of Bj and hence of B. Thus

Ny :={[z] : x € By}
is a 1/k-net of B and hence of B. We define tn: Np — B, as follows. For any
y € Ny, choose the smallest 1 < i < N(k) such that z = [x;] and define ¢, (2) = y.
We extend ¢, to B by mapping any z € B to an arbitrarily chosen ¢, (x) with
xz € N,, and 2’ € B(z,1/n).

In this construction, Y;" is a 1/k-net of B(z,, R). It follows that B = B(zo, R).
The final step of the construction is to take a final diagonal convergent subsequence
as R — oc.

It is now a matter of checking the conclusion of the theorem is satisfied. For
simplicity, we use the notation for B = B(z, R) as above. Since

tn(B(z,R)) D tn(Ny) = By,
and B, is a 1/n-net of B(z,, R), we have
B(tn(B(z0,R)),1/n) D B(xn, R),
and hence eq. . To see eq. , observe that for any k € N and x,y € Ny,
dn (10 (), 10 (y)) — d(z,y)

by the definition of d. Since Ny contains only finitely many points, we can ensure
that

|dn(Ln(x)a Ln(y)) - d((ﬂ, y)| < 1/k
for all z,y € N; and all n greater than some N. Therefore, for any 2,7y’ € B and
n > N, there exists z,y € Ny with d(z,2’),d(y,v") < 1/k and ¢,,(z) = ¢, (2’) and
tn(y) = tn(y'). Thus

|dn(en (), (') = (@, y)] < |dn(tn(2), ta(y)) — d(@,y)| + |d(z, y) — d(z’,y)]
< 1/k +2/k.
O

In what follows, we will not need to consider the specific metric in a metric space
(X,d) and so will simply refer to it as X. Given A > 0, we will write AX for the
metric space (X, Ad).

Definition 5.4. Let (X, z) be a pointed metric space. A Gromov—Hausdorff tan-
gent of X at x is any limit of a sequence of the form (AX, z) for A — co. We denote
by Tan(X, z) the set of all Gromov—Hausdorff tangents of X at x.

Similarly, let (X,z,¢) be a space-function. A Gromov-Hausdorff tangent of
(X, z,¢) is any limit of a sequence of the form (AX,z, (¢ — ¢(z))) for A — oo.
The set of all Gromov—Hausdorff tangents of (X, z, ¢) is denoted by Tan(X, z, ¢).

If X is doubling, then for any A > 0, AX is also doubling with the same con-
stant. Thus, for any x € X and \; — oo, by the previous compactness theorem,
there exists a subsequence \;, such that (\;, X, z) converges to some tangent space.
Therefore, Tan(X,z) # (. Further, for any A > 0 and any Lipschitz ¢: X — R,
the function A¢: AX — R”™ has the same Lipschitz constant as ¢. Therefore, also
by the previous theorem, Tan(X, x, ¢) # 0.
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Note, however, that tangents are rarely unique. Certainly, if (V,y) € Tan(X, x)
then also (AY,y) € Tan(X, z) for any A > 0. However, much more non uniqueness
properties can occur: for n; an increasing sequence of integers, consider the tangents
to the graph of the following function at the origin:

f(z) =xxa
for
A= {z € R:exp(exp(—n;)) <z < exp(exp(—n;_1)), j odd}.
Of course, this is just a simple example.
We will use the following fact.

Fact. Gromov-Hausdorff convergence of space-functions is metrisable. That is,
there exists a metric dgg on the set M of all space-functions (which, by definition,
consist of doubling metric spaces and Lipschitz functions) such that (X, Zn, On)
converges to (X, x,d) if and only if

dGH(<X7l7xn7¢n) (X l‘,(b)) =0

By Theorem (M, dgm) is a countable union of compact metric spaces and hence
is separable.

We now establish two results regarding tangent spaces that are adaptations of
classical results of Preiss [preiss-density].
Recall from Definition that € A C X is not a porosity point of A if
ANB(a,R
(5.5) lim  sup 4y, (@, R))
R—0 ¢ B(a,R) R
Lemma 5.5 ([MR2865538]|, Proposition 3.1 and [Dav15]|, Lemma 3.2). Let X be

a metric space and ¢: X — R™ Lipschitz. Suppose that A C X and that a € A is
not a porosity point of A. Then Tan(A,a,$) = Tan(X, a, ¢).

Proof. Let (Y,t) € Tan(A,a). Then there exists A; — oo and Hausdorff approx-
imations ¢, : (Y, y) (AA,a). We define Hausdorff approximations, also called
Ln, into (A X a by simply post composing with the inclusion of A into X. Cer-

tainly eqgs. and (5.3) remain true for these Hausdorff approximations, we just
need to check eq. (5.2). Given R,e > 0, since eq. (5.2 applies for the Hausdorff

approximations into (A, A, a), there exists N; € N such that, for all n > Ny,
B(tn(B(y, R)),€) D B(a,(R—¢€)/A\y)NA
By eq. (5.5), there exists N € N such that, for all n > No,
B(B(a,(R—¢€)/An) N Aje/N,) D Bla,(R—€)/An).
Therefore, for all n > Ny, No,
B(t,(B(t, R)),2¢) D B(a, (R —2¢)/An),

=0.

as required.

Now suppose that (Y,y) € Tan(X,a). Then there exists A, — 0 and Haus-
dorff approximations ¢, : (Y,y) = (AnX,a). We define Hausdorff approximations
In: (Y,y) = (AnA,a) as follows. For z € Y, if 1,,(2) € A let ,,(2) = tn(2). Other-
wise, pick p € A with

1

(5'6) d(Ln( ) ) < d(bn( ) A) + W

and set i,,(z) = p. Note that eq. (5.2) is automatically true for 7,,. Observe that,
for any R > 0, egs. (5.5) and (5.6 show that
And(tn(2),in(2)) = 0
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uniformly on B(t, R). Therefore, eqs. (5.1) and (5.3) for the Z,, follow from the
corresponding properties for the ¢,, using the fact that the \,¢ are uniformly
Lipschitz on A, X for eq. (5.3)). O

The previous observation allows us to show that moving the base point of a
tangent gives a space that is also a tangent.

Theorem 5.6 ([MR2865538|, Theorem 1.1 and [Davl5|, Proposition 3.1). Let
(X, u) be a doubling metric measure space and ¢: X — R™ Lipschitz. Then for p
almost every © € X the following is true. If (Y,y,v) € Tan(X,z,¢) and ¢y’ € Y,

then (Y,y',v —¢(y')) € Tan(X, z, ).
Proof. We must show that the following set has p measure zero:
{zxe X :3 (Y,y,v) € Tan(X,z,9), v € Y s.t. (Y, ¢/, v —¥(y)) & Tan(X, z,¢)}.
If (Y,y', v — ¥(y)) € Tan(X, x, ) then there exists k € N such that
A,y v = v()), AX, 2, Mo — 6(x))) > 1/k VA > k.

Thus, it suffices to prove, for a § > 0 which we now fix, that the following set has
/4 TNeasure zero:

{re X :3(Y,y,¥) € Tan(X,z,9¢), v €Y s.t.
A(Y,y' v —¥(y)), A X, 2,¢)) >3V A >4}

Since the set of all space-functions is separable with respect to Gromov—Hausdorff
convergence, there exist a countable cover by sets of diameter §/4. Let B be one
such set. It suffices to prove that the set A defined to be those x € X for which

3 (Y,y,) € Tan(X,z,0), y' €Y s.t. (Y,y',9 —9(y')) € B and

d((Y.y' ¢ =), AX,2,0)) > 6V A > 1/0

has measure zero. Finally, by Corollary and Lemma for p almost every
x € A, Tan(X, z,¢) = Tan(A, x, ¢). Therefore, it suffices to prove that the set A’
of those x € A for which

3 (Yy,¢) € Tan(A,z,¢), y' € Y s.t. (YV,y',9) —1(y')) € B and
A,y =), AX,2,0)) >0V A >1/6

has measure zero. In fact, we will show that it is empty.
Indeed, suppose that z € A’. Then there exist A, — co and Hausdorff approxi-
mations ¢, : (Y,y) = (A A, x). Then, for a, = ¢, (v'),

(5.7) (A, any An(d = d(an))) = (Voy's 9 = ¥(y)).
However, each a,, € A and so there exists (Y, yn, ¥n) € Tan(X, a,,¢) and ay, € Y,
such that (Ya,, 4., ¥n — ¥n(y,)) € B and

(5.8) d((Yn, y;, Pn — wn(y/))v (AnA, an, An(@ — d(an)))) > 6
whenever A, > 1/6. In particular, since B has diameter §/4,
(5.9) A((Yo, Yns Y — ¥nly), (Yo', = 0(y'))) < 6/4

for each n € N. Therefore, for any A, > 1/4,

(Vo s 0 = 6y')), O s 6 — b))
< d((Ys s ¥n — U (W), Vo' s — 0(y)))
+ d((Y7 y’, "/} - 1#(1/)), (AnAv G, )‘n((b - ¢(an)))>

s 14+ 4V, 0= 6, O s s A6 — D(an)))) ED 374
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a contradiction. |

Finally, we apply the theory of Gromov-Hausdorff tangents to the setting of
metric measure spaces with Alberti representations. For X a metric space and
x € X, a line passing through z is an isometry g: R — X that contains x. For
v € R", such a line is in the direction of v (with respect to some ¢: X — R") if

$(9(R)) = Ru.

Lemma 5.7. Let (X,d,u) be a metric measure space, ¢: X — R™ Lipschitz and
C C R" a cone. Suppose that, for some A C X, p|a has a C-Alberti representation
with respect to ¢. Then for u almost every x € A there exists a v € C'\ {0} such
that, for every (Y,y,v) € Tan(X,x, ¢), Y contains a line passing through y in the
1 direction of v.

Proof. From the definition of an Alberti representation, we know for p almost every
x € A, there exists a v € I'(X) and ¢t € dom+~ such that v(t) = z, ¢ is a density
point of dom~ and (¢ ov)'(t) € C'\ {0}. Fix such a point z € A.

Now suppose that (Y,y,®) € Tan(X,z,¢) and that ¢,: (Y,y) = (A X, z) are
Hausdorff approximations. Since (¢ o v)’(t) exists, by unravelling the definitions,
it is straightforward (but a bit tedious) to show that there exists a map g: R - Y
containing y such that (og)’(s) = (¢o~y)'(¢) for all s € R. By reparametrising g, we
see that it is a line passing through y in the direction of v := (¢o7y)'(¢t) € C\{0}. O

By considering many independent Alberti representations we obtain the follow-
ing.

Corollary 5.8 (|[Dav15|, Corollary 5.2). Let (X,d, i) be a doubling metric measure
space and ¢: X — R™ Lipschitz. Suppose that, for some A C X, ula has n
independent Alberti representations with respect to ¢. Then for p almost every
x € A and every (Y,y,¢) € Tan(X, z, ¢), ¥: Y — R"™ is surjective.

Proof. By applying Lemma to each of the Alberti representations in the hy-
pothesis, we know that the following is true. For p almost every x € A there exist
linearly independent vy, ...,v, € R™ such that, for every (Y,y,v) € Tan(X,z, ¢),
Y contains lines g1, ..., g, each passing through y in the 1 direction of vy,...,v,
respectively.

Since (X,d, ) is doubling, we can apply Theorem [5.6 This implies that, for
1 almost every x € A, the following is true. There exist linearly independent
V1, ...,0, € R™ such that, for every (Y,y,¢) € Tan(X,z,¢) and any ¢/ € Y, YV
contains lines ¢i,...,¢g, each passing through g’ in the ¢ direction of vy,...,v,
respectively.

This implies that, for any (Y,y) € Tan(X, ), ¥(Y) = R". Indeed, since (Y,y)
contains a line passing through y in the direction of vy, ¥(Y) contains V; := ¢ (y) +
Ro;. Now, from any point z € V, there exists ' € Y such that ¢(y’') = 2. Since Y
contains a line passing through ¢’ in the direction of va, ¥(Y") contains ¥ (y’) + R
and hence V5 := ¢(y) + Rv; +Rug. Repeating iteratively, we see that ¢(Y") contains

Vn :w(y)—i—va +Rvg++Rvn:R"

as required. O

This gives us the required bound on the number of independent Alberti repre-
sentations by the doubling constant.

Theorem 5.9. Let (X,d,u) be a doubling metric measure space. There exists a
N € N depending only on doub(u) such that, for any A C X with u(A) > 0, pula
can have at most N independent Alberti representations.
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Proof. Suppose that (Y,y) € Tan(X,z). Since Y is doubling with doub(Y) <
doub(X), dimg Y < log, doub(X) by Observation In particular, a Lipschitz
function cannot map Y onto R™ with n > log, doub(X). Since (X, d, i) is doubling,
the conclusion follows from Corollary and Lemma [2.4] (]

To conclude we summarise the proof of Cheeger’s theorem.

Proof of Theorem[3.3 Let (X,d, u) be a PI space. By Propositionit suffices to
find an N € N for which, whenever ¢: X — R" is Lipschitz satisfying eq. at
all points € U with u(U) > 0, we must have n < N. Since X satisfies a Poincaré
inequality, by applying Theorem there exists a countable decomposition U =
U;U; such that each pu|y, has n independent Alberti representations. Thus, if we
find a bound N to the number of independent of Alberti representations of any
positive measure subset of X, we are done. This is given by Theorem O
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