
RADEMACHER’S THEOREM IN METRIC MEASURE SPACES

AND ALBERTI REPRESENTATIONS

DAVID BATE

1. Introduction

Rademacher’s theorem states that any Lipschitz f : Rn → Rm is differentiable
Lebesgue almost everywhere. It is a fundamental result in geometric measure the-
ory. For example, it shows that any rectifiable set possesses a weak tangent plane
at almost every point. Moreover the statement itself is very interesting in its own
right; the fact that a seemingly rather simple condition can impose such strong reg-
ularity is quite remarkable. Rademacher’s theorem leads to many more questions
that can be answered.

Recently there has been a wealth of interest in generalising results of classical
analysis to the setting of metric spaces, possibly with an underlying measure. Nat-
urally, Rademacher’s theorem is a candidate for such a generalisation. This course
will focus on a new proof of Cheeger’s generalisation which replaces the domain
with a doubling metric measure space (X, d, µ) that satisfies a Poincaré inequality
[Che99]. This proof uses modern techniques developed in [Bat14] which consider
a rich structure of Lipschitz curves in the metric space (known as “Alberti repre-
sentations”) which allow us to form a partial derivative of any Lipschitz function
f : X → R. By considering many such families of curves, we are able to form a
derivative of f and hence deduce Cheeger’s theorem.

At the end of the course we will also discuss Kirchheim’s generalisation of
Rademacher’s theorem for Lipschitz functions f : Rn → X, with X an arbitrary
metric space [Kir94].

This constitutes the third proof of Cheeger’s theorem. In addition to the orig-
inal, Keith [Kei04] gave an independent proof (see also [KM16]). One common
element to all three of these proofs is the use of weak tangent spaces (defined via
Gromov-Hausdorff convergence), which is only natural considering the nature of the
derivative. Essentially, after an analysis of a large collection of Lipschitz functions
in the metric space X, one takes a weak limit and the tangential behaviour of these
Lipschitz functions is significantly more rigid (i.e. linear in the classical theory).
The doubling condition then gives an upper bound on the number of different (i.e.
linearly independent) tangential behaviours the large set of Lipschitz functions can
posses, which ultimately leads to the existence of a derivative.

Except for standard concepts in measure theory, this course will be self contained.

2. Basic concepts of metric measure spaces

Definition 2.1. A metric measure space (X, d, µ) consists of a complete metric
space (X, d) equipped with a σ-finite Borel measure µ. That is, all Borel subsets
of X are measurable and there exists a decomposition

X =
⋃
i∈N

Xi

into Borel sets such that µ(Xi) <∞ for each i ∈ N.
1
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For many purposes, this definition includes spaces that are simply too large to
work in. Often, it is natural to impose the following mild “finite dimensional”
condition.

Given a metric space, unless otherwise stated, we will denote by B(x, r) the
closed ball centred at x with radius r > 0. Sometimes it may be necessary to
consider open balls, but we will use the same notation and mention it explicitly.
Given an (open or closed) ball B and λ > 0, we will denote by λB the ball with
the same centre and with radius λ times bigger.

Definition 2.2. A metric measure space (X, d, µ) is doubling if there exists a C ≥ 1
(the doubling constant of µ) such that, for each ball B ⊂ X,

0 < µ(2B) ≤ Cµ(B) <∞.

In particular, by induction,

(2.1) µ(2nB) ≤ Cnµ(B)

for each n ∈ N.

A standard property of doubling measures is that they satisfy the Vitali covering
theorem and hence the Lebesgue differentiation theorem, which we now establish.

The following lemma is often called the “5r” or “Vitali covering” lemma.

Lemma 2.3 (5r covering lemma). Let (X, d) be a metric space and B a collection
of balls in X such that

M := sup{rad(B) : B ∈ B} <∞.

Then there exists a disjoint sub-collection C ⊂ B such that every ball B of B inter-
sects a ball from C with radius at least half that of B. In particular

(2.2)
⋃
C∈C

5C ⊃
⋃
B∈B

B.

Proof. For each n ∈ N let

Bn = {B ∈ B : 2−nM < rad(B) ≤ 2−n−1M}

and let C1 be a maximal disjoint sub-collection of B1. Inductively, if we have chosen
C1, . . . Cn, we define

C′n+1 = {B ∈ Bn : B ∩B′ = ∅ ∀B′ ∈ C1 ∪ . . . Cn}

and let Cn+1 be a maximal disjoint sub-collection of C′n+1. That is, if B ∈ C′n+1 \
Cn+1, then there exists B′ ∈ Cn+1 with B ∩B′ 6= ∅.

We claim that

C :=
⋃
n∈N
Cn

is the required sub-collection. By construction, this sub-collection is disjoint, and
so we only need to prove eq. (2.2). To see this, suppose that B ∈ B and B 6∈ C.
This implies that B 6∈ Cn with 2−nM < rad(B) ≤ 2−n−1M . However, B ∈ Bn and
so either B 6∈ C′n, or B ∈ C′n but B 6∈ Cn.

In the first case there exists B′ ∈ Ci, for some 1 ≤ i < n with B ∩ B′ 6= ∅. In
the second case, since Cn is maximal, there must exist B′ ∈ Cn with B ∩B′ 6= ∅. In
either case, rad(B′) ≥ rad(B)/2 by the definition of the Bi. In particular, by the
triangle inequality, B ⊂ 5B′. Indeed, if x ∈ B ∩B′, B′ = B(x0, r) and y ∈ B, then
d(x, y) ≤ 2 rad(B) ≤ 4r and d(x, x0) < r, so that d(y, x0) < 5r and hence y ∈ 5B′

(and similarly if B′ is a closed ball). �

This easily leads to the Vitali covering theorem.
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Theorem 2.4 (Vitali covering theorem). Let (X, d, µ) be a doubling metric measure
space, S ⊂ X and B a collection of closed balls such that, for each x ∈ S,

inf{r > 0 : B(x, r) ∈ B} = 0.

Then there exists a countable disjoint sub-collection C ⊂ B such that

µ

(
S \

⋃
B∈C

B

)
= 0.

Proof. We will prove the case when S is bounded. The unbounded case is an
exercise. By first discarding balls from B if necessary, we may suppose that the
balls in B have radii at most 1.

Let C be a 5r sub-covering of B as obtained from Lemma 2.3. Since X is sep-
arable (see the exercises) and the elements of C are disjoint, C must be countable.
Enumerate C as B1, B2, . . .. Since S is bounded and each Bi has radius at most
1, each Bi is contained in a fixed ball B. In particular, since the Bi are disjoint,
eq. (2.1) gives∑

i∈N
µ(5Bi) ≤ C

∑
i∈N

µ(Bi) = Cµ

(⋃
i∈N

Bi

)
≤ Cµ(B) <∞

so that

(2.3)
∑
i>n

µ(5Bi)→ 0

as n→∞.
To complete the proof we will show that

(2.4) S \
n⋃
i=1

Bi ⊂
⋃
i>n

5Bi

for each n ∈ N. Once we have done this, eq. (2.3) completes the proof. To see
eq. (2.4), fix n ∈ N and let x ∈ S \ ∪ni=1Bi. Because the balls Bi are closed, by the
main assumption of the theorem, there exists a δ > 0 such that B(x, δ) is disjoint
from the Bi with 1 ≤ i ≤ n and such that B(x, δ) ∈ B. However, since C is a
5r sub-cover of B, B(x, δ) intersects a ball Bi ∈ C with rad(B′) ≥ rad(B)/2. In
particular, i > n and B ⊂ 5B′, proving eq. (2.4), as required. �

Finally, we prove the Lebesgue differentiation theorem.

Theorem 2.5 (Lebesgue differentiation theorem). Let (X, d, µ) be a doubling met-
ric measure space and f : X → R a positive integrable function. Then

(2.5) lim
r→0

1

µ(B(x, r))

∫
B(x,r)

fdµ = f(x)

for µ-a.e. x ∈ X.

Proof. First suppose that S ⊂ X consists only of points x ∈ X for which

lim sup
r→0

1

µ(B(x, r))

∫
B(x,r)

fdµ > t.

Then let U ⊃ S with
∫
U
fdµ <

∫
S
fdµ + ε and let B be the collection of balls

satisfying B ⊂ U and
∫
B
fdµ > tµ(B). By hypotheses, B satisfies the hypotheses

of Theorem 2.4 and so has a countable disjoint sub-cover B covering almost all of
S. Therefore∫

S

fdµ+ ε ≥
∫
U

fdµ ≥
∑
B∈C

∫
B

fdµ > t
∑
B∈B

µ(B) = tµ

( ⋃
B∈B

B

)
≥ tµ(S).
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Since ε > 0 is arbitrary, we have

(2.6) tµ(S) ≤
∫
S

fdµ.

A similar argument shows that, if S ⊂ X consists only of points x ∈ X for which

lim inf
r→0

1

µ(B(x, r))

∫
B(x,r)

fdµ < s,

then

(2.7)

∫
S

fdµ ≤ sµ(S).

We first show that the limit in eq. (2.5) exists almost everywhere. For s < t ∈ R
let Ss,t be the set of those x ∈ X for which

lim inf
r→0

1

µ(B(x, r))

∫
B(x,r)

fdµ < s < t < lim sup
r→0

1

µ(B(x, r))

∫
B(x,r)

fdµ.

Then eqs. (2.6) and (2.7) imply

tµ(Ss,t) ≤
∫
Ss,t

fdµ ≤ sµ(Ss,t),

so that µ(Ss,t) = 0. Therefore, the limit in eq. (2.5) exists exists almost everywhere.
We will note the value of this limit by g(x).

To see that g = f almost everywhere, let ε > 0, S ⊂ X and for each n ∈ Z let

Sn = {x ∈ S : (1 + ε)n < g(x) ≤ (1 + ε)n+1}.
Then by eq. (2.7)∫
S

gdµ =
∑
n∈N

∫
Sn

gdµ ≤
∑
n∈Z

(1 + ε)n+1µ(Sn) ≤ (1 + ε)
∑
n∈Z

∫
Sn

fdµ = (1 + ε)

∫
S

fdµ.

Similarly, by eq. (2.7), ∫
S

gdµ ≥ (1 + ε)−1

∫
S

fdµ.

Since ε > 0 is arbitrary, we must have∫
S

fdµ =

∫
S

gdµ.

Since S ⊂ X is arbitrary, this implies that f = g almost everywhere. �

We also get the Lebesgue density theorem.

Corollary 2.6. Let (X, d, µ) be a doubling metric measure space and S ⊂ X mea-
surable. Then for µ-a.e. x ∈ S,

lim
r→0

µ(B(x, r) ∩ S)

µ(B(x, r))
= 1.

3. The classical Rademacher theorem and Poincaré inequality

Definition 3.1. A function f : (X, d)→ (Y, ρ) is Lipschitz if there exists an L ≥ 0
such that

ρ(f(x), f(y)) ≤ Ld(x, y)

for each x, y ∈ X. The smallest such L is called the Lipschitz constant of f .

For us, a fundamental result regarding Lipschitz functions is the following.

Theorem 3.2 (Lebesgue). Let f : R → R be Lipschitz. Then f is differentiable
(Lebesgue) almost everywhere.
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Proof. Observe that it suffices to prove the result for f is defined on [0, 1].
For each x ∈ [0, 1] let

V (x) = sup

n∑
i=1

|f(xi+1)− f(xi)|,

where the supremum is taken over all 0 < x1 < x2 < . . . < xn < 1. This V is called
the variation of f , and since f is Lipschitz, its variation is bounded. Moreover, V
is increasing as is V − f . Thus, it suffices to prove that any increasing function is
differentiable almost everywhere.

To this end, let g : [0, 1] → R be increasing and s ∈ R. If S consists only of
points x ∈ [0, 1] for which

(3.1) lim inf
y→x

g(y)− g(x)

y − x
< s,

then by the Vitali covering theorem, we may cover almost all of S by disjoint
intervals [ai, bi] for which g(bi) − g(ai) < s(bi − ai). By summing over such i and
using the fact that g is increasing, this implies that L1(g(S)) ≤ sL1(S). Similarly,
if S consists only of points x ∈ [0, 1] for which

(3.2) lim sup
y→x

g(y)− g(x)

y − x
> t,

then L1(g(S)) ≥ tL1(S). Therefore, for s < t, if S consists of all those x ∈ [0, 1]
satisfying both eqs. (3.1) and (3.2), tL1(S) ≤ sL1(S), so that L1(S) = 0. By
considering all rational s < t, this shows that g is differentiable almost everywhere.

�

Following this we prove Rademacher’s theorem. There are many possible ways
of proceeding once we have proved Lebesgue’s theorem.

Theorem 3.3 (Rademacher). Let f : Rn → Rm be Lipschitz. Then f is differen-
tiable almost everywhere.

Proof. Note that it suffices to assume that m = 1. We will prove the statement for
n = 2. The general proof uses exactly the same idea, but with more notation and
a little more care at the end.

Let

G = {x ∈ Rn : ∂1f(x), ∂2f(x) exist}.
Note that, by Fubini’s theorem and Theorem 3.2, G has full measure. For x ∈ G
define Df(x) = (∂1f(x), ∂2f(x)) and let

B = {x ∈ G : Df(x) is not the derivative of f at x}.

We need to show that L(B) = 0.
To do this, we need to “filter” B into subsets that we can handle. Observe that,

for each x ∈ B there exists an ε > 0 such that

(3.3) lim sup
y→x

|f(y)− f(x)−Df(x)(y − x)|
‖y − x‖

> ε.

For each ε > 0 let Bε be those x ∈ B which satisfy eq. (3.3), so that B = ∪ε>0Bε.
However, note that we also have B = ∪Q3ε>0Bε. This small modification is impor-
tant for showing that B has measure zero: because this is a countable union, we
only have to show that each Bε has measure zero.

Now fix an ε > 0 and, for each D ∈ Q2 let

Bε,D = {x ∈ Bε : ‖Df(x)−D‖ < ε/10}.
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Note that, by the triangle inequality, for any x ∈ Bε,D,

(3.4) lim sup
y→x

|f(y)− f(x)−D(x)(y − x)|
‖y − x‖

> 9ε/10.

Moreover, because Q2 is dense in R2, Bε = ∪D∈Q2Bε,D, so that it suffices to prove
each Bε,D has measure zero.

We make one final filter. For R > 0 let Bε,D,R be those x ∈ Bε,D such that

(3.5)
|f(x+ hei)− f(x)−Dih|

|h|
< ε/10

for each i = 1, 2 and each 0 < |h| < R. Because ∂if(x) exists and |∂if(x)−Di| <
ε/10 for each x ∈ B, Bε,D = ∪Q3RBε,D,R > 0, and so it suffices to prove that each
one has measure zero.

To do this, fix 0 < R, ε < 1/10, D ∈ Q2 and x ∈ Bε,D. We will show that there
exists a λ > 0 and a sequence xj → x such that B(xj , λ‖xj − x‖) is disjoint from
Bε,D,R for each j ∈ N. The Lebesgue density theorem then implies that Bε,D,R has
measure zero.

To this end, write g(y) = f(y)−D · y and pick L ≥ 1 greater than the Lipschitz
constant of g. For each j ∈ N let y be a point as in eq. (3.4) with ‖y − x‖ < 1/j.
We set xj = y and λ = ε/10L and let z ∈ B(xj , λ‖x−xj‖). Let z′ be the projection
of z onto the line x+Re1, so that ‖x− z′‖ ≤ ‖x−xj‖ < R and ‖z− z′‖ ≤ ‖z−x‖.
Observe that by eq. (3.4)

(3.6)
|g(z)− g(x)|
‖z − x‖

>
8ε

10

1

1 + ε/10L
≥ 80ε

101

and by eq. (3.5)
|g(z′)− g(x)|
‖z − x‖

≤ |g(z′)− g(x)|
‖z′ − x‖

<
ε

10
.

Thus, by the triangle inequality,

|g(z)− g(z′)| > 79ε‖z − x‖
101

.

Since z′ ∈ z + Re2, and ‖z − z′‖ < R, z 6∈ Bε,D,R, as required. �

Together with the Lebesgue and Rademacher differentiation theorems, we have
the fundamental theorem of calculus.

Theorem 3.4 (Fundamental theorem of calculus). Let f : R → R be Lipschitz.
Then for any x ≤ y ∈ R

f(y)− f(x) =

∫ y

x

Df dL.

Proof. First suppose that Df(t) = 0 for almost every t ∈ R and let ε > 0. By
the Vitali covering theorem, we may cover [x, y] by a null set N and a countable
number of disjoint intervals [ai, bi] such that |f(t) − f(ai)| ≤ ε|t − ai| ≤ ε|bi − ai|
for each t ∈ [ai, bi] and each i ∈ N. Consequently,

L(f([x, y])) ≤ L(f(N)) +
∑
i∈N

ε(bi − ai) ≤ L(f(N)) + ε(y − x).

Since ε > 0 is arbitrary, this gives L(f([x, y])) ≤ f(N). Since f is Lipschitz and
L(N) = 0, we have L(f([x, y])) = 0. Since f([x, y]) is an interval, it must be a
single point, and so f must be constant.

Now suppose that f is as in the statement of the theorem and define

g(t) =

∫ t

x

Df dL
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for each t ∈ [x, y]. Then g is a Lipschitz function (because |Df | is bounded by
Lip f) and, by Theorem 2.5, Dg = Df almost everywhere in [x, y]. Thus f − g has
derivative zero almost everywhere in [x, y] and so by the first part of the proof is
constant. That is

f(y)− f(x) = g(y)− g(x) =

∫ y

x

Df dL.

�

Remark 3.5. In the previous proof, we may replace the hypothesis that f is Lipschitz
by f being totally bounded (so that its derivative exists almost everywhere) and
the fact that f maps sets of measure zero to sets of measure zero. Such a function
is said to be absolutely continuous.

We now state a version of the Poincaré inequality for Lipschitz functions defined
on Euclidean space. This version is much weaker than the “standard” Poincaré
inequality but, as we will see later, has a suitable interpretation in the metric
measure space setting.

We introduce some standard notation. For an integrable f : (X, d, µ) → R and
B ⊂ X of positive and finite measure, let

−
∫
B

f dµ =
1

µ(B)

∫
B

f dµ

and fB = −
∫
B
f dµ.

Theorem 3.6. For any Lipschitz f : Rn → R and any ball B ⊂ Rn,

−
∫
B

|f − fB |dLn ≤ Cn rad(B)−
∫
B

‖Df‖dLn

Proof. For x ∈ B, we calculate f(x)− fB using polar coordinates: for ω ∈ Sn−1 let
R(ω) be the largest R ≥ 0 such that x+Rω ∈ B. Then

|f(x)− fB | ≤
1

Ln(B)

∫
Sn−1

∫ R(ω)

0

rn−1|f(x)− f(x+ rω)|dr dω.

Applying Theorem 3.4 to the integrand gives

|f(x)− fB | ≤
1

Ln(B)

∫
Sn−1

∫ R(ω)

0

rn−1

∫ r

0

‖Df(x+ tω)‖ dtdr dω

and so, since r ≤ R(ω) ≤ 2 rad(B),

|f(x)− fB | ≤
CnR(ω)n

Ln(B)

∫
Sn−1

∫ R(ω)

0

‖Df(x+ tω)‖dtdω.

By making the change of variables back to B, this integral becomes

|f(x)− fB | ≤ Cn
∫
B

‖Df(y)‖
‖x− y‖n−1

dy.

Finally, by integrating over x ∈ B and applying Fubini we get∫
B

|f − fB |dLn ≤ Cn
∫
B

‖Df(y)‖
∫
B

1

‖x− y‖n−1
dxdy ≤ Cn rad(B)

∫
B

‖Df‖ dLn.

Dividing by the measure of B completes the proof. �
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4. The Poincaré inequality in metric measure spaces and Cheeger’s
theorem

The proof of Poincaré inequality relies on the behaviour of Lipschitz functions
along lines in Euclidean space. Namely that they satisfy the fundamental theorem
of calculus. This motivates our definition of a Poincaré inequality in the setting of
metric measure spaces, but we must replace a “line” by a rectifiable curve.

First we introduce some standard notation of how we integrate a function on a
rectifiable curve.

Definition 4.1. A rectifiable curve in a metric space X is a Lipschitz function
γ : [a, b]→ X.

The length of a rectifiable curve is

len(γ) = sup

{
n∑
i=1

d(γ(ti), γ(ti−1)) : a = t0 < t1 < . . . < tn = b

}
.

If γ is injective, then this agrees with H1(γ([a, b])).

Whilst formally, we have defined a rectifiable curve to be a Lipschitz function,
we will usually think of one as a subset of a metric space. This requires us to
canonically define the integral of a function on a rectifiable curve, which we now
do.

Given a rectifiable curve γ : [a, b]→ X, let lγ : [a, b]→ R+ be defined by lγ(t) =
len(γ|[a,t]). There exists a 1-Lipschitz γ∗ : [0, len(γ)] → X such that γ = γ∗ ◦ lγ .
Such a γ∗ is the arc-length parametrisation of γ, and if γ = γ∗ then we say that γ
is parametrised by arc-length. Moreover, if γ is injective, then so is γ∗ and, for any
Borel S ⊂ [0, len(γ)], H1(S) = H1(γ∗(S)) (see the exercises).

Definition 4.2. Given a Borel function ρ : X → R we define the line integral of ρ
over a rectifiable curve γ to be∫

γ

ρds =

∫ len(γ)

0

ρ ◦ γ∗(t) dt.

If γ is injective, this agrees with∫
γ([a,b])

ρ dH1.

We can now define a replacement for the fundamental theorem of calculus in a
metric space.

Definition 4.3. Let X be a metric space and f : X → R a Lipschitz function. A
Borel function ρ : X → [0,∞) is an upper gradient of f if, for every x, y ∈ X and
every rectifiable curve γ joining x to y,

|f(x)− f(y)| ≤
∫
γ

ρds.

Observe that, if X = Rn, then by Lebesgue’s theorem, ρ = ‖Df‖ is an upper
gradient of any Lipschitz f : Rn → R. More generally, for any metric space X and
any Lipschitz f : X → R, Lip f is an upper gradient of f . See also the exercises.

Observe also that this definition is only of value when X has a rich structure
of rectifiable curves. For example, if X contains no non-trivial rectifiable curves,
as is the case when X = {0, 1}, then ρ = 0 is an upper-gradient of any Lipschitz
function.

The notion of a Poincaré inequality in a metric measure space says that any
upper gradient of a Lipschitz function must control the behaviour in a very precise



RADEMACHER’S THEOREM AND ALBERTI REPRESENTATIONS 9

way. The Poincaré inequality in this setting was first introduced by Heinonen
and Koskela [Heinonen˙1998]. We give a slightly different formulation that is
equivalent whenever the measure is doubling.

Definition 4.4. For p ≥ 1, a metric measure space (X, d, µ) satisfies a p-Poincaré
inequality if there exists a C ≥ 1 such that, for any ball B ⊂ X, any Lipschitz
f : X → R and any upper-gradient ρ of f ,

−
∫
B

|f − fB | ≤ C rad(B)

(
−
∫
B

ρp dµ

) 1
p

.

We say that (X, d, µ) is a p-PI space if it is doubling and satisfies a p-Poincaré
inequality.

By Holder’s inequality, the Poincaré inequality becomes weaker as p increases.
Also, Theorem 3.6 shows that Euclidean space is a 1-PI space.

Laakso gave several very interesting, non-trivial, and highly non-Euclidean ex-
amples of 1-PI spaces [laakso; laakso-graph].

We now move on to considering the derivatives of real valued Lipschitz functions
defined on a metric space. The first way to generalise a derivative to this setting was
introduced by Cheeger [Che99] and was later refined by Keith [Kei04]. It simply
replaces to coordinate functions in Euclidean space by an arbitrary vector valued
Lipschitz function.

Definition 4.5. Let φ : X → Rn be a fixed Lipschitz function and x0 ∈ X.
A function f : X → R is differentiable with respect to φ at x0 if there exists a

unique Df(x0) ∈ Rn such that

lim sup
x→x0

|f(x)− f(x0)−Df(x0) · (φ(x)− φ(x0))|
d(x, x0)

= 0.

Note that we must assume that the derivative is unique as a part of the definition.
We can now say what it means for a metric measure space to satisfy a generali-

sation of Rademacher’s theorem.

Definition 4.6. A metric measure space (X, d, µ) is a Lipschitz differentiability
space if there exists a countable Borel decomposition

X =
⋃
i∈N

Ui

and countably many Lipschitz functions φi : X → Rni such that the following is
true: For every Lipschitz f : X → R and every i ∈ N, f is differentiable at µ-a.e.
point in Ui with respect to φi.

We call the pair (Ui, φi) a chart.

This is all the required concepts to state Cheeger’s theorem [Che99].

Theorem 4.7 (Cheeger). Any PI space is a Lipschitz differentiability space.

5. Alberti representations as an alternative generalisation of
Rademacher’s theorem

We now introduce an alternative way to generalise Rademacher’s theorem to
metric measure spaces. However, it turns out that this in an equivalent formulation
to Cheeger’s. This is nice because it allows us to have two very different descriptions
of the same phenomenon.

This alternative formulation is based on the idea of forming a partial derivative
of any Lipschitz function along a rectifiable curve.
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Definition 5.1. Given a metric space X, define the set of rectifiable curves in X
to be

Γ(X) = {γ : [0, 1]→ X : γ 1-Lipschitz}
equipped with the supremum metric

d(γ, γ′) = sup
t∈[0,1]

d(γ(t), γ′(t)).

Definition 5.2. An Alberti representation of a metric measure space (X, d, µ)
consists of a probability measure P on Γ(X) and for each γ ∈ Γ(X) a measure
µγ � H1|γ([0,1]) such that

µ(B) =

∫
Γ(X)

µγ(B) dP(γ)

for every Borel B ⊂ X.

The motivation for considering Alberti representations is the following. Suppose
that f : X → R is Lipschitz and that γ ∈ Γ(X). Then the composition f◦γ : [0, 1]→
X is Lipschitz and so is differentiable almost everywhere. That is, for H1 almost
every x ∈ γ([0, 1]), there exists a partial derivative of f at x given by (f◦γ)′(γ−1(x)).
It is then not hard to see that, if (X, d, µ) has an Alberti representation, then such
a partial derivative exists for µ almost every x ∈ X.

You should compare this to our proof of Rademacher’s theorem; the first step
is to use the Fubini and Lebesgue theorems to find a partial derivative of any
Lipschitz function. Here, we are replacing the use of Fubini’s theorem with the
definition of an Alberti representation. Of course, Fubini’s theorem tells us that
Lebesgue measure has an Alberti representation.

Of course, in the proof of Rademacher’s theorem, it is important that we can
find all n partial derivatives of a Lipschitz f : Rn → R. Our next step is to interpret
this for Alberti representations.

In Euclidean space, we can distinguish different families of curves by considering
their tangents: some curves travel in a direction close to the e1, direction, some
others close to the e2 direction and so on. In metric spaces there is no natural way
to assign a tangent. However, suppose we fix a Lipschitz φ : X → Rn. Then, as
above, for any γ ∈ Γ(X), (φ ◦ γ)′(t) exists for H1 almost every t ∈ [0, 1]. We can
use this tangent to give a direction to γ (with respect to φ).

Definition 5.3. Let (X, d) be a metric space, φ : X → Rn Lipschitz and C ⊂ Rn a
cone. We say that γ ∈ Γ(X) is a C-curve (with respect to φ) if (φ ◦ γ)′(t) ∈ C \ {0}
for L1 almost every t ∈ [0, 1].

Similarly, an Alberti representation (P, {µγ}) of a metric measure space is a C-
Alberti representation (with respect to φ) if P almost every curve is a C curve (with
respect to φ).

Finally, we say that a collection of Alberti representations

(P1, {µ1
γ}), . . . , (Pn, {µnγ})

is independent if there exists a Lipschitz φ : X → Rn and independent cones
C1, . . . , Cn ⊂ Rn such that (Pi, {µiγ}) is a Ci-Alberti representation with respect to
φ for each 1 ≤ i ≤ n.

We say that cones C1, . . . , Cn ⊂ Rn are independent if any choice vi ∈ Ci \ {0}
forms a linearly independent set.

Often the underlying function φ will be clear from the context and we will not
explicitly mention it.
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We see from Fubini’s theorem that Lebesgue measure has a collection of n in-
dependent Alberti representations (and no more), and that this is precisely the
property we required in our proof of Rademacher’s theorem.

The first step of our proof of Cheeger’s theorem will be to prove that a PI space
has a large collection of independent Alberti representations. Before we prove
this, we will develop a general technique for deciding when a measure has many
independent Alberti representations.

Definition 5.4. Let X be a metric space, φ : X → Rn Lipschitz and C ⊂ Rn a
cone. A Borel S ⊂ X is C-null (with respect to φ) if H1(γ∩S) = 0 for each C-curve
γ.

Observe that, if a metric measure space is C-null then it cannot support a C-
Alberti representation. This is in fact a characterisation of those measures with
C-Alberti representations. We will use this fact without proof.

Lemma 5.5. Let (X, d, µ) be a metric measure space, φ : X → Rn Lipschitz and
C ⊂ Rn a cone. There exists a decomposition X = A ∪ S such that µxA has a
C-Alberti representation and S is C-null. This decomposition is unique up to µ
null sets.

By applying this lemma to a collection of independent cones C1, C2, . . . , Cn, we
obtain a decomposition X = A∪S1∪S2∪ . . .∪Sn where each Si is Ci null. and µ|A
has n independent Alberti representations. This is a good start, but, in a PI space,
we will only be able to prove that the Si have measure zero when θ is sufficiently
wide. Of course, we cannot simply apply the lemma to very wide cones, because
they will not be independent. Therefore, we must do something more involved.
The first step is to show that we can combine the cones of C-null sets. However,
for this we require a very rich collection of curves provided by an ambient Banach
space.

Lemma 5.6. Let X be a metric space and f : X → Rn Lipschitz. There exists
a Banach space B, a biLipschitz ι : X → B and a linear T : X → Rn such that
φ(x) = T (ι(x)) for every x ∈ X. If X is separable, then we may find such a B that
is also separable.

Proof. Let ι∗ : X → B∗ be an isometric embedding of X into a Banach space. If X
is separable we may suppose that B∗ is separable too. The map

ι(x) = (φ(x), ι∗(x)) ∈ Rn ×B∗ := B

is the desired embedding. �

Since a PI space is preserved under biLipschitz equivalences, from now on we
may suppose that our metric measure space is a subset of some Banach space and
that the map φ is linear.

We define our cones as follows. For w ∈ S and 0 < θ < 1 let C(w, θ) be the cone
of v ∈ Rn such that w · v ≥ θ‖v||. Note that this cone becomes very wide as θ → 0.

Proposition 5.7. Let B be a Banach space, φ : B → Rn linear and C ⊂ Rn a
cone. Suppose that S ⊂ B is C-null with respect to φ. Then for any γ ∈ Γ(B),
(φ ◦ γ)′(t) 6∈ interior(C) for almost every t ∈ γ−1(S).

Proof. Let C = C(w, θ) for some w ∈ Sn−1 and 0 < θ < 1. Suppose that the
conclusion is false and that for some γ ∈ Γ(B),

B = {t ∈ γ−1(S) : (φ ◦ γ)′(t) ∈ interior(C)}
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has positive measure. Since

interior(C) =
⋃
j∈N

C(w, θ + 1/j) \B(0, 1/j),

there exists some j ∈ N such that

B1 = {t ∈ γ−1(S) : (φ ◦ γ)′(t) ∈ C(w, θ + 1/j) \ U(0, 1/j)}
satisfies H1(γ(B1)) > 0. Further, since C(w, θ + 1/j) \ U(0, 1/j) is a closed subset
of interior(C), there exists an R > 0 such that the set

B2 = {t ∈ B1 :
φ(γ(t+ r))− φ(γ(t))

r
∈ C ∀ 0 < |r| < R}

also satisfies H1(γ(B2)) > 0.
By dividing B2 into finitely many subsets of diameter R, at least one of these

subsets B3 must satisfy H1(γ(B3)) > 0. Note that in particular, for any s, t ∈ B3,

φ(γ(t))− φ(γ(s))

t− s
∈ C.

Finally, there exists a compact K ⊂ B3 such that H1(γ(K)) > 0.
Let minK = a and maxK = b. Note that [a, b]\K is open and so is a countable

union of disjoint intervals ∪i(ci, di). We extend γ linearly on the complement of
K: for any i ∈ N and t ∈ (ci, di) let 0 < λ < 1 such that t = λci + (1 − λ)di and
set γ(t) = λγ(ci) + (1 − λ)γ(di). Since φ(γ(di)) − φ(γ(ci)) ∈ C and φ is linear,
(φ ◦ γ)′(t) ∈ C for all t ∈ (ci, di). �

From the previous Proposition we can deduce the following method to “refine”
the directions of an Alberti representation. Of course, this makes most sense when
the Ci are very thin.

Lemma 5.8. Let B be a Banach space, φ : B → Rn linear and C ⊂ Rn a cone.
Suppose that a measure µ has a C-Alberti representation with respect to φ. Then,
for any collection of cones C1, . . . , Cm ⊂ Rn such that

C \ {0} ⊂
m⋃
i=1

interior(Ci),

there exists a Borel decomposition B = B1 ∪ . . . ∪ Bm such that each µ|Bi
has a

Ci-Alberti representation.

Proof. By Lemma 5.5 there exists a decomposition B = B1∪S1 such that B1 has the
required form and S1 is C1-null. By applying Lemma 5.5 again (to µ|S1

) we obtain
a decomposition B = B1 ∪B2 ∪ S2 where B2 has the required form and S2 is both
C1-null and C2-null. By repeating, we obtain a decomposition B = B1∪. . .∪Bm∪S
such that each Bi has the required form and S is Ci-null for each 1 ≤ i ≤ m. By
Lemma 5.8, we see that S is C-null. Since µ has a C-Alberti representation, we
must have µ(S) = 0. Therefore, B′1 = B1 ∪ S also has the required properties of
B1, and B′1 ∪B2 ∪ . . . ∪Bm is the required decomposition. �

Finally we can prove the decomposition that we are after; we will later show that
the ‘singular sets’ appearing have measure zero whenever the measure supports a
Poincaré inequality.

Proposition 5.9. Let (X, d, µ) be a metric measure space and φ : X → Rn Lips-
chitz. For any 0 < θ < 1 there exists a decomposition

(5.1) X =

m⋃
i=1

Ai ∪
m⋃
i=1

Si
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and w1, . . . , wm ∈ Sn−1 such that each µ|Ai
has n independent Alberti representa-

tions and each Si is C(wi, θ)-null.

Proof. We will iteratively find the Alberti representations one-by-one.
First we apply Lemma 5.5 to an arbitrary cone C(w, θ) to obtain a decomposition

X = A ∪ S where µ|A has a C(w, θ)-Alberti representation and S is C(w, θ)-null.
Now suppose that, for 1 ≤ d < n we have a decomposition as in eq. (5.1) where

each µ|Ai
has d independent Alberti representations. By applying Lemma 5.8 (and

increasing m) we may suppose that these Alberti representations are C(wij , α)-
Alberti representations for 1 ≤ j ≤ d and 0 < α < 1 as small as we wish. Fix
a 1 ≤ i ≤ m and pick wid+1 to be orthogonal to wi1, . . . , w

i
d, which is possible

because by assumption 1 ≤ d < n. We pick α so small that C(wid+1, θ) and each

C(wij , α) are disjoint for 1 ≤ j ≤ d (this is independent of the choice of the wij
and only depends on n). Then the cones C(wi1, α), . . . , C(wid, α) and C(wid+1, θ)
are independent.

Finally, we apply Lemma 5.5 to obtain a decomposition Ai = A′i∪S′ where µ|A′i
has d+ 1 independent Alberti representations and S′ is C(wid+1, θ)-null.

Repeating this for each 1 ≤ d < n completes the proof. �

6. Alberti representations and the Poincaré inequality

The next step is to demonstrate that PI spaces possess many independent Alberti
representations. Of course, we cannot use Proposition 5.9 to deduce that there
arbitrarily large collections of independent Alberti representations; Rn can have at
most n independent Alberti representations. Thus we must find some reasonable
conditions on φ for which that proposition is useful (see also the exercises for when
it is vacuous).

To understand what such a condition on φ should look like, it is important to
think of how we will eventually deduce the conclusion of Cheeger’s theorem. We
start with the following elementary lemma of measure theory.

Lemma 6.1. Let µ be a σ-finite measure on a set X and let S be a collection of
µ measurable sets that is closed under taking countable unions. Then there exists a
decomposition

X = S ∪A
such that S ∈ S and, for every B ⊂ A, if B ∈ S then µ(B) = 0. This decomposition
is unique up to sets of µ measure zero.

Let T be a collection of µ measurable subsets of X such that, for any measurable
Y ⊂ X with µ(Y ) > 0 there exists a T ∈ T with T ⊂ Y and µ(T ) > 0. Then there
exists a decomposition

X = N ∪
⋃
i∈N

Ti

where µ(N) = 0 and Ti ∈ T for each i ∈ N.

Proof. It suffices to prove the lemma for µ finite.
For the first part of the lemma, consider

m = sup{µ(S) : S ∈ S} <∞.

First observe that there exists S ∈ S with µ(S) = m. Indeed, for each i ∈ N let
Si ∈ S with µ(Si) ≥ m − 1/i and set S = ∪iSi. Then S ∈ S (since S is closed
under countable unions) and

m ≥ µ(S) ≥ µ(Si) ≥ m− 1/i

for each i ∈ N, so that µ(S) = m. Set A = X \ S.
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Now suppose that B ⊂ A, B ∈ S and µ(B) > 0. Then B ∪ S ∈ S and
µ(B ∪ S) > µ(S) > m, a contradiction. Thus, for any B ∈ S with B ⊂ A, we must
have µ(B) = 0, as required.

For the second part, given such a set T , define

S = {
⋃
i∈N

Ti : Ti ∈ T }

which is closed under taking countable unions. Thus, by the first part of the lemma,
there exists a decomposition

X = A ∪
⋃
i∈N

Ti

where Ti ∈ T for each i ∈ N and, if T ∈ T , T ⊂ A, then µ(T ) = 0. By assumption,
this implies that µ(A) = 0, as required. �

To construct the chart maps in the definition of a Lipschitz differentiability space
we will use the following.

Proposition 6.2. Let (X, d, µ) be a σ-finite metric measure space and suppose that
there exists an N ∈ N for which the following is true. When ever φ : X → Rn is
Lipschitz with the property that

(6.1) Lip(D · φ, x) > 0 for every D ∈ Rn \ {0},
for a set of positive measure x ∈ X, then n ≤ N . Then (X, d, µ) is a Lipschitz
differentiability space.

Proof. Let U ⊂ X be a Borel set of positive measure. Either every Lipschitz
φ : X → R satisfies Lip(φ, x) = 0 for µ almost every x ∈ U or there exists a U1 ⊂ U
of positive measure and a Lipschitz φ1 : X → R with Lip(φ1, x) > 0 for every
x ∈ U1. Given the first option we stop; in this case X is a Lipschitz differentiability
space with respect to the zero function. Otherwise we proceed iteratively.

Suppose that we have, for some n ∈ N, a Lipschitz φn : X → Rn and a Un ⊂ U
with µ(Un) > 0 such that Lip(D · φ, x) > 0 for every D ∈ Sn−1 for almost every
x ∈ Un. Then either

• (Un, φ) is a chart with respect to which every Lipschitz f : X → R is dif-
ferentiable almost everywhere;

• or there exists a Un+1 ⊂ Un of positive measure and a Lipschitz φn+1 : X →
R such that φ′ = (φ, φn+1) satisfies Lip(D · φ′, x) > 0 for every D ∈ Rn+1 \
{0}.

Note that, for the first case, the uniqueness of the derivative is equivalent to the
hypotheses on φ (see the exercises).

By hypothesis, the second option cannot hold for sufficiently large n, and so at
some point we find a subset of U of positive measure which forms a chart. Since
U ⊂ X is an arbitrary set of positive measure, Lemma 6.1 completes the proof. �

The way forward is now more clear; given a Lipschitz φ : X → Rn satisfying
eq. (6.1) for all x in a subset U of positive measure, Proposition 5.9 gives a decom-
position of U into some subsets which have n independent Alberti representations,
and other sets which are C(w, θ)-null for θ as small as we like. To show that these
C(w, θ)-null subsets of U have measure zero, we begin the following Lemma.

Lemma 6.3. Let (X, d, µ) be a doubling metric measure space and f : X → R
1-Lipschitz. There exists a constant η = η(doub(µ)) ≥ 1 such that, for any ball
B ⊂ X,

−
∫

2B

|f − f2B |dµ ≥ C(µ) radB sup

{
|f(x)− f(y)|

radB
: x, y ∈ B

}η
.
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In particular, if (X, d, µ) is a (weak) PI space and ρ is an upper gradient of f ,

Lip(f, x) ≤ C(PI(µ))ρ(x)1/η

for µ almost every x ∈ X.

Remark 6.4. The ‘in particular’ statement of the previous lemma is the only part
in the proof that we require the Poincaré inequality.

Proof. Fix a ball B ⊂ X and let

M = sup

{
|f(x)− f(y)|

radB
: x, y ∈ B

}
≤ 1

If M = 0 there is nothing to prove and so we may suppose M > 0. Since B is
compact, there exist x1, x2 ∈ B such that

|f(x1)− f(y2)| = M radB.

For i = 1, 2 let Bi = B(xi,M radB/10) ⊂ 2B. Then, since f is 1-Lipschitz,

|f(y1)− f(y2)| ≥ 8M radB/10

for each yi ∈ Bi and each i = 1, 2. In particular, there exists i ∈ 1, 2 such that

|f(yi)− f2B | ≥ 4M radB/10

for each yi ∈ Bi. Therefore,

(6.2) −
∫

2B

|f − f2B |dµ ≥
1

µ(2B)

∫
Bi

|f − f2B |dµ ≥
2M radBµ(Bi)

5µ(2B)

Now, radBi = M radB/10 and so, since µ is doubling,

C(µ)nµ(Bi) ≥ µ(2B)

for n = − log2M/10 + 2. That is, if δ = log2 C > 0 depending on C(µ) such that

µ(Bi)

µ(2B)
≥ CMδ

Combining this with eq. (6.2) completes the first part of the proof.
The second part of the lemma simply follows from the Lebesgue differentiation

theorem. �

Proposition 6.5. Let (X, d, µ) be a (weak) PI space and φ : X → Rn Lipschitz
satisfying eq. (6.1) for all x ∈ U ⊂ X. There exists a decomposition U = ∪iUi
such that, for each i ∈ N and any w ∈ Sn−1, any C(w, 1/i)-null subset of Ui has µ
measure zero.

Proof. Since the definition of a C(w, θ)-null set is invariant under scaling φ, we may
suppose that φ is 1-Lipschitz. Secondly, for each x ∈ U , the function

D ∈ Sn−1 7→ Lip(D · φ, x)

is Lipschitz and positive by assumption. Therefore, it is bounded below by some
λx > 0 for each x ∈ U . The map x 7→ λx is Borel and so we may decompose U into
sets Ui = {x : λx > 1/i}, i ∈ N.

For 0 < θ < 1 and w ∈ Sn−1, fix a C(w, θ)-null set S ⊂ U . Let f = w ·φ : X → R.
We claim that

ρ = 1Sc + θ1S

is an upper gradient of f . Indeed, if γ : [0, l] → X is parametrised by arc-length,
then by Proposition 5.7, (φ ◦ γ)′ 6∈ int(C(w, θ)) for almost every t ∈ γ−1(S). That
is,

|(f ◦ γ)′(t)| = |w · (φ ◦ γ)′(t)| ≤ θ‖(φ ◦ γ)′(t)‖ ≤ θ Lipφ = θ
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for almost every t ∈ γ−1(S). Therefore, by the fundamental theorem of calculus,

|f(γ(l))− f(γ(0))| ≤
∫ l

0

|(f ◦ γ)′(t)| ≤
∫
γ−1(S)

θ +

∫
γ−1(X\S)

1 =

∫ l

0

ρ(t) dt,

as required.
By applying Lemma 6.3, we find a C, η ≥ 1 depending only on PI(µ) such that,

for µ almost every x ∈ S,

1

i
≤ λx ≤ Lip(f, x) ≤ Cρ(x)1/η = Cθ1/η.

This is impossible if θ is sufficiently small, and so we must have µ(S) = 0. Precisely,
any C(w, i−η/C)-null subset of Ui has µmeasure zero. Re-indexing the Ui completes
the proof. �

We complete this section by summarising the main result.

Theorem 6.6. Let (X, d, µ) be a PI space. Suppose that U ⊂ X and φ : X → Rn is
Lipschitz such that eq. (6.1) holds for all x ∈ U . Then there exists a decomposition
U = ∪iAi such that each µ|Ai

has n independent Alberti representations.
In particular, if there exists an N ∈ N such that, for any U ⊂ X with µ(U) > 0,

µ|U can have at most N independent Alberti representations, then X is a Lipschitz
differentiability space.

Proof. Let U = ∪iUi be the decomposition given by Proposition 5.7 and fix an
i ∈ N. Apply Proposition 5.9 to µ|Ui

with θ = 1/i. Since any C(w, 1/i)-null subset

of Ui has µ measure zero, this gives a decomposition Ui = ∪jAji where each µ|Aj
i

has n independent Alberti representations. After re-indexing the sequence, this is
the required decomposition.

For the second part, by combining the hypotheses with the first part of the
theorem, we precisely satisfy the hypotheses of Proposition 6.2. The conclusion
follows. �

7. Gromov–Hausdorff convergence and tangents of metric spaces

An important property of the set of rectifiable curves is that it is compact. This
follows from the Arzelà–Ascoli theorem.

Theorem 7.1 (Arzelà–Ascoli). Let X,Y be compact metric spaces and L ≥ 0. The
set of all L-Lipschitz f : X → Y equipped with the supremum metric is compact.

Proof. The set of all L-Lipschitz f : X → Y is a metric space and so, given a
sequence fn of such functions, it suffices to prove that fn has a subsequence that
converges to some L-Lipschitz f : X → Y .

Since X is totally bounded, for each m ∈ N, there exists x1, . . . , xMm ∈ X such
that

(7.1) X = B(xm1 , 1/m) ∪ . . . ∪B(xmMm
, 1/m).

First we define the function f . Consider the sequence fn(x1
1) ∈ Y . Since Y

is compact, there exists a subsequence fn1(j)(x
1
1) and some y1 ∈ Y such that

fn1(j)(x
1
1)→ y1 as j →∞. We define f(x1

1) = y1.

Now we move onto fn1(j)(x
1
2). Again, since Y is compact there exists y2 ∈ Y

and a subsequence fn2(j)k
(x1

2) such that fn2(j)k
(x1

2) → y2 as k → ∞. We define

f(x1
2) = y2 and note that, because this is a subsequence of the previous subsequence,

we also have fn2(j)k
(x1

1)→ f(x1
1) as k →∞.

If we continue this for each x1
1, . . . , x

1
M1

we obtain a subsequence fn1(j) of fn
such that

fn1(j)(x
1
i )→ f(x1

i ) as j →∞ ∀1 ≤ i ≤M1.
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We now repeat this process for each x2
1, x

2
2, . . . , x

2
M2

, but using fn1(j) as the
starting sequence. This gives a subsequence fn2(j) such that

fn2(j)(x
2
i )→ f(x2

i ) as j →∞ ∀1 ≤ i ≤M2.

Also, since this is a subsequence of fn1 , we also have

fn2(j)(x
1
i )→ f(x1

i ) as j →∞ ∀1 ≤ i ≤M1.

By repeating this over each scale and taking a diagonal subsequence, we get a
subsequence, which for simplicity we will call fn, such that

fn(xmi )→ f(xmi ) as n→∞
for each m ∈ N and each 1 ≤ i ≤Mm.

By the exercises,

f :
⋃
m∈N
{xm1 , . . . , xmMm

} → Y

is L-Lipschitz and may be extended to an L-Lipschitz f : X → Y . To prove that
fn → f uniformly, let m ∈ N be arbitrary and N ∈ N such that, for all n ≥ N ,
|fn(xmi )− f(xmi )| < 1/m for each 1 ≤ i ≤Mm. Then, for any x ∈ X, by eq. (7.1),
there exists a 1 ≤ i ≤Mm such that d(x, xmi ) < 1/m. In particular, since fn and f
are L-Lipschitz,

|fn(x)− f(x)| ≤ |fn(x)− fn(xmi )|+ |fn(xmi )− f(xmi )|+ |f(xmi )− f(x)|
≤ L/m+ 1/m+ L/m = (2L+ 1)/m.

Thus, fn → f uniformly, as required. �

We want to consider a notion of convergence of metric spaces. There are many
variations of a core idea developed by Gromov. Collectively they are all known as
“Gromov–Hausdorff convergence”. The application we are interested in (defining
the tangent of a doubling metric space) requires us to consider a distinguished point
of the metric space. A pointed metric space (X, d, x) is a metric space (X, d) and a
point x ∈ X.

Definition 7.2 (Gromov–Hausdorff). A sequence (Xn, dn, xn) of pointed metric
spaces Gromov–Hausdorff converges to a pointed metric space (X, d, x) if there
exists a sequence of maps (called Hausdorff approximations) ιn : X → Xn with
ιn(x) = xn such that, for every ε, R > 0, there exists an N ∈ N such that, for all
n ≥ N ,

(7.2) |dn(ιn(y), ιn(z))− d(y, z)| < ε

for all y, z ∈ B(x,R) and

(7.3) B(ιn(B(x,R)), ε) ⊃ B(xi, R− ε).

Remark 7.3. Note that we do not assume any regularity on the Hausdorff approx-
imations.

The first condition says that the Hausdorff approximations become more and
more isometric on compact sets, whilst the second says they become more and
more surjective.

Using similar techniques to the Arzelà–Ascoli theorem, we have a compactness
theorem for Gromov–Hausdorff convergence.

Theorem 7.4. Let (Xn, dn, xn) be a sequence of uniformly doubling pointed metric
spaces. Then there exists a doubling pointed metric space (X, d, x) (with the same
doubling constant) such that, after possibly taking a subsequence, (Xn, dn, xn) →
(X, d, x).
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Proof. Fix R > 0. For each k, n ∈ N let

Y nk = {yn0 , yn1 , . . . , ynN(k)}

be a 1/k-net of B(xn, R). Note that since the Xn are uniformly doubling, such a
net, where the number of elements is independent of n, exists. We may also require
that yn0 = xn for each n ∈ N. Note that, by our choice of notation, we are also
requiring that the 1/k-nets of each Xn are nested as k increases.

Consider the tuples

Dn
k := (dn(yni , y

n
j ) : 1 ≤ i, j ≤ N(k)) ∈ [0, R]N(k)2 .

By the compactness of [0, R], by taking a subsequence if necessary, we may suppose

that there exists a Dk ∈ [0, R]N(k)2 such that Dn
k → Dk as n → ∞. Let B̂k be an

arbitrary set of N(k) elements, say

B̂k = {x1, . . . , xN(k)}

and define d̂k(xi, xj) = (Dk)i,j , so that

(7.4) d̂k(xi, xj) = lim
n→∞

dn(yni , y
n
j ).

Thus, d̂k defines a pseudo metric on B̂k. That is, d̂k satisfies all of the properties

of a metric except possibly we may have some i 6= j for which d̂k(xi, xj) = 0.
We now repeat this for each k ∈ N and take a diagonal subsequence such that

eq. (7.4) holds for each k ∈ N. Since the Dn
k are nested, the B̂k are also nested and

d̂k|X̂j
= d̂j whenever j ≤ k. Thus we may define B̂ = ∪kB̂k and d̂ = lim d̂k on B̂, so

that d̂ is also a pseudo metric. We let (B̃, d̃) be the quotient metric space of (B̂, d̂).

That is, let B̃ be the set of equivalence classes of B̂ under x ∼ y ⇔ d̂(x, y) = 0 and

d̃([x], [y]) = d̂(x, y) (you can check that this is a well defined metric space). Finally,

we let (B, d) be the completion of (B̃, d̃).
Now observe that, for any n ∈ N and k ≤ j ∈ N, Dn

k is a 1/k-net of Dn
j . It

follows that B̂k is a 1/k-net of B̂j and hence of B̂. Thus

Nk := {[x] : x ∈ B̂k}

is a 1/k-net of B̃ and hence of B. We define ιn : Nn → Bn as follows. For any
y ∈ Nn, choose the smallest 1 ≤ i ≤ N(k) such that z = [xi] and define ιn(z) = yni .
We extend ιn to B by mapping any z ∈ B to an arbitrarily chosen ιn(x) with
x ∈ Nn and x′ ∈ B(x, 1/n).

In this construction, Y nk is a 1/k-net of B(xn, R). It follows that B = B(x0, R).
The final step of the construction is to take a final diagonal convergent subsequence
as R→∞.

It is now a matter of checking the conclusion of the theorem is satisfied. For
simplicity, we use the notation for B = B(x,R) as above. Since

ιn(B(x,R)) ⊃ ιn(Nn) = Bn,

and Bn is a 1/n-net of B(xn, R), we have

B(ιn(B(x0, R)), 1/n) ⊃ B(xn, R),

and hence eq. (7.3). To see eq. (7.2), observe that for any k ∈ N and x, y ∈ Nk,

dn(ιn(x), ιn(y))→ d(x, y)

by the definition of d. Since Nk contains only finitely many points, we can ensure
that

|dn(ιn(x), ιn(y))− d(x, y)| < 1/k
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for all x, y ∈ Nk and all n greater than some N . Therefore, for any x′, y′ ∈ B and
n ≥ N , there exists x, y ∈ Nk with d(x, x′), d(y, y′) ≤ 1/k and ιn(x) = ιn(x′) and
ιn(y) = ιn(y′). Thus

|dn(ιn(x′), ιn(y′))− d(x′, y′)| ≤ |dn(ιn(x), ιn(y))− d(x, y)|+ |d(x, y)− d(x′, y′)|
≤ 1/k + 2/k.

�

In what follows, we will not need to consider the specific metric in a metric space
(X, d) and so will simply refer to it as X. Given λ > 0, we will write λX for the
metric space (X,λd).

Definition 7.5. Let (X,x) be a pointed metric space. A Gromov–Hausdorff tan-
gent of X at x is any limit of a sequence of the form (λX, x) for λ→∞.

We denote by Tan(X,x) the set of all Gromov–Hausdorff tangents of X at x.

If X is doubling, then for any λ > 0, λX is also doubling with the same con-
stant. Thus, for any x ∈ X and λi → ∞, by the previous compactness theorem,
there exists a subsequence λik such that (λikX,x) converges to some tangent space.
Therefore, Tan(X,x) 6= ∅. Note, however, that tangents are rarely unique. Cer-
tainly, if (Y, y) ∈ Tan(X,x) then also (λY, y) ∈ Tan(X,x) for any λ > 0. However,
much more non uniqueness properties can occur: for nj an increasing sequence of
integers, consider the tangents to the graph of the following function at the origin:

f(x) = xχA

for

A = {x ∈ R : exp(exp(−nj)) ≤ x ≤ exp(exp(−nj−1)), j odd}.
Of course, much stranger phenomena can occur.

We will use the following fact.

Fact. Gromov–Hausdorff convergence of doubling metric spaces is metrisable. That
is, there exists a metric dGH on the set M of all pointed doubling metric spaces
such that (Xn, xn) converges to (X,x) if and only if

dGH((Xn, xn), (X,x))→ 0.

By Theorem 7.4, (M, dGH) is a countable union of compact metric spaces and hence
is separable.

As we will see in the following results, the precise value of this metric is not
important to us, only the fact that Gromov–Hausdorff convergence is metrisable.

Recall that a point a ∈ A ⊂ (X, d) is a porosity point of A if there exists a λ > 0
and xn ∈ X such that xn → a and

A ∩B(xn, λd(xn, a)) = ∅.

Therefore, if a is not a porosity point,

(7.5) lim
R→0

sup
y∈B(a,R)

d(y,A ∩B(a,R))

R
= 0.

We know, by the Lebesgue density theorem, if X is equipped with a doubling
measure µ, then µ almost every point of A is not a porosity point.

Lemma 7.6. Suppose that A ⊂ (X, d) and that a ∈ A is not a porosity point of A.
Then Tan(A, a) = Tan(X, a).
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Proof. Let (Y, t) ∈ Tan(A, a). Then there exists λi → ∞ and Hausdorff approxi-
mations ιn : (Y, y)→ (λnA, a). We define Hausdorff approximations, also called ιn,
into (λnX, a) by simply post composing with the inclusion of A into X. Certainly
eq. (7.2) remains true for these Hausdorff approximations, we just need to check
eq. (7.3). Given R, ε > 0, since eq. (7.3) applies for the Hausdorff approximations
into (λnA, a), there exists N1 ∈ N such that, for all n ≥ N1,

B(ιn(B(y,R)), ε) ⊃ B(a, (R− ε)/λn) ∩A.
By eq. (7.5), there exists N2 ∈ N such that, for all n ≥ N2,

B(B(a, (R− ε)/λn) ∩A, ε/λn) ⊃ B(a, (R− ε)/λn).

Therefore, for all n ≥ N1, N2,

B(ιn(B(t, R)), 2ε) ⊃ B(a, (R− 2ε)/λn),

as required.
Now suppose that (Y, y) ∈ Tan(X, a). Then there exists λn → 0 and Haus-

dorff approximations ιn : (Y, y) → (λnX, a). We define Hausdorff approximations
ι̃n : (Y, y) → (λnA, a) as follows. For z ∈ Y , if ιn(z) ∈ A let ι̃n(z) = ιn(z). Other-
wise, pick p ∈ A with

(7.6) d(ιn(z), p) ≤ d(ιn(z), A) +
1

nλn

and set ι̃n(z) = p. Note that eq. (7.3) is automatically true for ι̃n. To see eq. (7.2),
observe that, for any R > 0, eq. (7.5) and and eq. (7.6) show that

λnd(ιn(z), ι̃n(z))→ 0

uniformly on B(t, R). Therefore, eq. (7.2) for the ι̃n follows from eq. (7.2) for the
ιn. �

The previous observation allows us to show that moving the base point of a
tangent gives a space that is also a tangent.

Theorem 7.7. Let (X,µ) be a doubling metric measure space. Then for µ almost
every x ∈ X the following is true. If (Y, y) ∈ Tan(X,x) and y′ ∈ Y , then (Y, y′) ∈
Tan(X,x).

Proof. We must show that the following set has µ measure zero:

{x ∈ X : ∃ (Y, y) ∈ Tan(X,x), y′ ∈ Y s.t. (Y, y′) 6∈ Tan(X,x)}.
If (Y, y′) 6∈ Tan(X,x) then there exists k ∈ N such that

d((Y, y′), (λX, x)) > 1/k ∀ λ > k.

Thus, it suffices to prove, for a δ > 0 which we now fix, that the following set has
µ measure zero:

{x ∈ X : ∃ (Y, y) ∈ Tan(X,x), y′ ∈ Y s.t. d((Y, y′), (λX, x)) > δ ∀ λ > δ}.
Since the set of all doubling metric spaces is separable with respect to Gromov–

Hausdorff convergence, there exist a countable cover by sets of diameter δ/4. Let
B be one such set. It suffices to prove that the set A defined to be those x ∈ X for
which

∃ (Y, y) ∈ B ∩ Tan(X,x), y′ ∈ Y s.t. d((Y, y′), (λX, x)) > δ ∀ λ > δ

has measure zero. Finally, for µ almost every x ∈ A, Tan(X,x) = Tan(A, x).
Therefore, it suffices to prove that the set A′ of those x ∈ A for which

∃ (Y, y) ∈ B ∩ Tan(A, x), y′ ∈ Y s.t. d((Y, y′), (X, d/r, x)) > δ ∀ λ > δ

has measure zero. In fact, we will show that it is empty.
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Indeed, suppose that x ∈ A′. Then there exist λn → ∞ and Hausdorff approx-
imations ιn : (Y, y) → (λnA, x). Then, for an = ιn(y′) ∈ A, (λnA, an) → (Y, y′),
and so there exists N ∈ N such that

(7.7) d((λnA, an), (Y, y′)) < δ/4

for each n ≥ N .
However, each an ∈ A and so there exists (Yn, yn) ∈ Tan(X, an) and a y′n ∈ Yn

such that (Yn, y
′
n) ∈ B and

(7.8) d((Yn, y
′
n), (λnA, an) > δ

whenever rn < δ. In particular, since B has diameter δ/4,

(7.9) d((Yn, y
′
n), (Y, y′)) < δ/4

for each n,m ∈ N. Therefore, for any n ≥ N for which rn < δ,

δ
(7.8)
< d((Yn, y

′
n), (λnA, an)

≤ d((Yn, y
′
n), (Y, y′)) + d((Y, y′), (λnA, an))

(7.7)(7.9)

≤ δ/4 + δ/4,

a contradiction. �

We need to make a slight modification to our use of Gromov–Hausdorff conver-
gence, because we must also consider the limiting behaviour of a Lipschitz function
defined on the space.

Given a pointed metric space (X,x) and a Lipschitz φ : X → Rn we call the
triple (X,x, f) a space function.

Definition 7.8. A space function (Y, y, ψ) is a Gromov–Hausdorff tangent to a
space function (X,x, φ) if there exists λn → ∞ and Hausdorff approximations
ιn : (Y, y)→ (λnX,x) (so that (Y, y) ∈ Tan(X,x)) such that

λn(φ(ιn(z))− φ(x))→ g(z)− g(y)

uniformly on any B(y,R).
The set of all Gromov–Hausdorff tangents to (X,x, φ) is denoted by Tan(X,x, φ).

Of course, if (X,x) is doubling, we know that Tan(X,x) is not empty. Suppose
that for some λn →∞, (λnX,x)→ (Y, y). For any λ > 0 and any Lipschitz φ : X →
Rn, the function λφ : λX → Rn has the same Lipschitz constant as φ. Therefore,
by an argument similar to the Arzelà–Ascoli theorem, there exists a subsequence
λnj →∞ and a Lipschitz function ψ : Y → Rn such that (Y, y, ψ) ∈ Tan(X,x, ψ).

By almost the same proof, the analogue to Theorem 7.7 is also true.

Theorem 7.9. Let (X,µ) be a doubling metric measure space and φ : X → Rn
Lipschitz. Then for µ almost every x ∈ X the following is true. If (Y, y, ψ) ∈
Tan(X,x, φ) and y′ ∈ Y , then (Y, y′, ψ − ψ(y′)) ∈ Tan(X,x, φ).

Finally, we apply the theory of Gromov–Hausdorff tangents to the setting of
metric measure spaces with Alberti representations. For X a metric space and
x ∈ X, a line passing through x is an isometry g : R → X that contains x. For
v ∈ Rn, such a line is in the direction of v (with respect to some φ : X → Rn) if
φ(g(R)) = Rv.

Lemma 7.10. Let (X, d, µ) be a metric measure space, φ : X → Rn Lipschitz and
C ⊂ Rn a cone. Suppose that, for some A ⊂ X, µ|A has a C-Alberti representation
with respect to φ. Then for µ almost every x ∈ A there exists a v ∈ C \ {0} such
that, for every (Y, y, ψ) ∈ (X,x, φ), Y contains a line passing through y in the ψ
direction of v.
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Proof. From the definition of an Alberti representation, we know for µ almost every
x ∈ A, there exists a γ ∈ Γ and t ∈ [0, 1] such that γ(t) = x and (φ◦γ)′(t) ∈ C \{0}.
Fix such a point x ∈ A.

Now suppose that (Y, y, ψ) ∈ (X,x, φ) and that ιn : (Y, y)→ (λnX,x) are Haus-
dorff approximations. Since (φ ◦ γ)′(t) exists, by unravelling the definitions, it is
straightforward (but a bit tedious) to show that there exists a map g : R→ Y con-
taining y such that (ψ ◦ g)′(s) = (φ ◦ γ)′(t) for all s ∈ R. By reparametrising g, we
see that it is a line passing through y in the direction of v := (φ◦γ)′(t) ∈ C\{0}. �

By considering many independent Alberti representations we obtain the follow-
ing.

Proposition 7.11. Let (X, d, µ) be a doubling metric measure space and φ : X →
Rn Lipschitz. Suppose that, for some A ⊂ X, µ|A has n independent Alberti
representations with respect to φ. Then for µ almost every x ∈ A and every
(Y, y, ψ) ∈ (X,x, φ), ψ : Y → Rn is surjective.

Proof. By applying Lemma 7.10 to each of the Alberti representations in the hy-
pothesis, we know that the following is true. For µ almost every x ∈ A there exist
linearly independent v1, . . . , vn ∈ Rn such that, for every (Y, y, ψ) ∈ (X,x, φ), Y
contains lines g1, . . . , gn each passing through y in the ψ direction of v1, . . . , vn
respectively.

Since (X, d, µ) is doubling, we can apply Theorem 7.9. This implies that, for
µ almost every x ∈ A, the following is true. There exist linearly independent
v1, . . . , vn ∈ Rn such that, for every (Y, y, ψ) ∈ (X,x, φ) and any y′ ∈ Y , Y contains
lines g1, . . . , gn each passing through y′ in the ψ direction of v1, . . . , vn respectively.
Therefore, for any (Y, y) ∈ Tan(X,x), ψ(Y ) = Rn.

Indeed, since (Y, y) contains a line passing through y in the direction of v1, ψ(Y )
contains V1 := ψ(y) + Rv1. Now, from any point z ∈ V1, there exists y′ ∈ Y such
that ψ(y′) = z. Since Y contains a line passing through y′ in the direction of v2,
ψ(Y ) contains ψ(y′)+Rv2 and hence V2 := ψ(y)+Rv1 +Rv2. Repeating iteratively,
we see that ψ(Y ) contains

Vn := ψ(y) + Rv1 + Rv2 + . . .+ Rvn = Rn

as required. �

This gives us the required bound on the number of independent Alberti repre-
sentations by the doubling constant.

Theorem 7.12. Let (X, d, µ) be a doubling metric measure space. There exists a
N ∈ N depending only on the doubling constant of X such that, for any A ⊂ X
with µ(A) > 0, µ|A can have at most N independent Alberti representations.

Proof. Suppose that Z is an N -doubling metric space. Then we know that any ball
B(z,R) can be covered by at most Nn balls of radius 2−nR. In particular, for any
α > log2N , Hα(B(x, r)) = 0, and hence dimH Z ≤ log2N .

Now suppose that (Y, y) ∈ Tan(X,x), for X as in the statement of the theorem.
We know that X is N -doubling for some N ∈ N and hence so is Y . Therefore,
dimH Y ≤ log2N . In particular, a Lipschitz function cannot map Y onto Rn
with n > log2N . Since (X, d, µ) is doubling, the conclusion follows from Proposi-
tion 7.11. �

To conclude we summarise the proof of Cheeger’s theorem.

Proof of Theorem 4.7. Let (X, d, µ) be a PI space. By Proposition 6.2 it suffices to
find an N ∈ N for which, whenever φ : X → Rn is Lipschitz satisfying eq. (6.1) at
all points x ∈ U with µ(U) > 0, we must have n ≤ N . Since X satisfies a Poincaré
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inequality, by applying Theorem 6.6, there exists a countable decomposition U =
∪iUi such that each µ|Ui

has n independent Alberti representations. Thus, if we
find a bound N to the number of independent of Alberti representations of any
positive measure subset of X, we are done. This is given by Theorem 7.12. �
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