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1. INTRODUCTION

Rademacher’s theorem states that any Lipschitz f: R™ — R™ is differentiable
Lebesgue almost everywhere. It is a fundamental result in geometric measure the-
ory. For example, it shows that any rectifiable set possesses a weak tangent plane
at almost every point. Moreover the statement itself is very interesting in its own
right; the fact that a seemingly rather simple condition can impose such strong reg-
ularity is quite remarkable. Rademacher’s theorem leads to many more questions
that can be answered.

Recently there has been a wealth of interest in generalising results of classical
analysis to the setting of metric spaces, possibly with an underlying measure. Nat-
urally, Rademacher’s theorem is a candidate for such a generalisation. This course
will focus on a new proof of Cheeger’s generalisation which replaces the domain
with a doubling metric measure space (X, d, ) that satisfies a Poincaré inequality
[Che99|. This proof uses modern techniques developed in [Batl4] which consider
a rich structure of Lipschitz curves in the metric space (known as “Alberti repre-
sentations”) which allow us to form a partial derivative of any Lipschitz function
f: X — R. By considering many such families of curves, we are able to form a
derivative of f and hence deduce Cheeger’s theorem.

At the end of the course we will also discuss Kirchheim’s generalisation of
Rademacher’s theorem for Lipschitz functions f: R™ — X, with X an arbitrary
metric space [Kir94].

This constitutes the third proof of Cheeger’s theorem. In addition to the orig-
inal, Keith [Kei04] gave an independent proof (see also [KM16]). One common
element to all three of these proofs is the use of weak tangent spaces (defined via
Gromov-Hausdorff convergence), which is only natural considering the nature of the
derivative. Essentially, after an analysis of a large collection of Lipschitz functions
in the metric space X, one takes a weak limit and the tangential behaviour of these
Lipschitz functions is significantly more rigid (i.e. linear in the classical theory).
The doubling condition then gives an upper bound on the number of different (i.e.
linearly independent) tangential behaviours the large set of Lipschitz functions can
posses, which ultimately leads to the existence of a derivative.

Except for standard concepts in measure theory, this course will be self contained.

2. BASIC CONCEPTS OF METRIC MEASURE SPACES

Definition 2.1. A metric measure space (X,d, ) consists of a complete metric
space (X,d) equipped with a o-finite Borel measure u. That is, all Borel subsets
of X are measurable and there exists a decomposition

X=Jx
ieN
into Borel sets such that u(X;) < oo for each i € N.
1
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For many purposes, this definition includes spaces that are simply too large to
work in. Often, it is natural to impose the following mild “finite dimensional”
condition.

Given a metric space, unless otherwise stated, we will denote by B(z,r) the
closed ball centred at x with radius r > 0. Sometimes it may be necessary to
consider open balls, but we will use the same notation and mention it explicitly.
Given an (open or closed) ball B and A > 0, we will denote by AB the ball with
the same centre and with radius A times bigger.

Definition 2.2. A metric measure space (X, d, u) is doubling if there exists a C > 1
(the doubling constant of p) such that, for each ball B C X,

0 < pu(2B) < Cu(B) < .
In particular, by induction,
(2.1) u(2"B) < C"u(B)
for each n € N.

A standard property of doubling measures is that they satisfy the Vitali covering
theorem and hence the Lebesgue differentiation theorem, which we now establish.
The following lemma is often called the “5r” or “Vitali covering” lemma.

Lemma 2.3 (57 covering lemma). Let (X, d) be a metric space and B a collection
of balls in X such that

M :=sup{rad(B) : B € B} < .

Then there exists a disjoint sub-collection C C B such that every ball B of B inter-
sects a ball from C with radius at least half that of B. In particular

(2.2) Usco | B

ceC BeB
Proof. For each n € N let
B,={Be€B:27"M <rad(B) < 27" 'M}

and let C; be a maximal disjoint sub-collection of B;. Inductively, if we have chosen
C1,...C,, we define

"1 ={B€B,:BNB' =0VYB €CU...C,}

and let Cp, 41 be a maximal disjoint sub-collection of C,, ;. That is, if B € C},,; \
Cni1, then there exists B’ € C,,41 with BN B’ # (.
We claim that
c=Jcn

neN
is the required sub-collection. By construction, this sub-collection is disjoint, and
so we only need to prove eq. (2.2). To see this, suppose that B € B and B ¢ C.
This implies that B & C,, with 27" M < rad(B) < 27"~ M. However, B € B,, and
so either B € C;,, or B € C,, but B & C,.

In the first case there exists B’ € C;, for some 1 < ¢ < n with BN B’ # (). In
the second case, since C,, is maximal, there must exist B’ € C,, with BN B’ # (). In
either case, rad(B’) > rad(B)/2 by the definition of the B;. In particular, by the
triangle inequality, B C 5B’. Indeed, if z € BN B’, B’ = B(xg,r) and y € B, then
d(z,y) < 2rad(B) < 4r and d(z,z0) < r, so that d(y,zo) < 5r and hence y € 5B’
(and similarly if B’ is a closed ball). O

This easily leads to the Vitali covering theorem.
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Theorem 2.4 (Vitali covering theorem). Let (X, d, ) be a doubling metric measure
space, S C X and B a collection of closed balls such that, for each x € S,

inf{r >0: B(z,r) € B} =0.

Then there exists a countable disjoint sub-collection C C B such that

i (S\ U B) =0.
BeC

Proof. We will prove the case when S is bounded. The unbounded case is an

exercise. By first discarding balls from B if necessary, we may suppose that the

balls in B have radii at most 1.

Let C be a 5r sub-covering of B as obtained from Lemma [2.3] Since X is sep-
arable (see the exercises) and the elements of C are disjoint, C must be countable.
Enumerate C as By, Ba,.... Since S is bounded and each B; has radius at most
1, each B; is contained in a fixed ball B. In particular, since the B; are disjoint,

eq. gives
Z,u(5Bi) < CZ,u(Bi) =Cu (U Bi> < Cu(B) < 00

ieN ieN ieN
so that
(2.3) > u(5B;) =0
i>n
as n — oo.

To complete the proof we will show that

(2.4) S\|JBic 5B
i=1 i>n

for each n € N. Once we have done this, eq. completes the proof. To see
eq. (2.4), fix n € N and let z € S\ U, B;. Because the balls B; are closed, by the
main assumption of the theorem, there exists a § > 0 such that B(x,d) is disjoint
from the B; with 1 < ¢ < n and such that B(z,0) € B. However, since C is a
5r sub-cover of B, B(x,d) intersects a ball B; € C with rad(B’) > rad(B)/2. In
particular, ¢ > n and B C 5B’, proving eq. , as required. [l

Finally, we prove the Lebesgue differentiation theorem.

Theorem 2.5 (Lebesgue differentiation theorem). Let (X, d, p) be a doubling met-
ric measure space and f: X — R a positive integrable function. Then
1

25) MY (B ) /B@,ﬂ fdu=1=)

for p-a.e. € X.
Proof. First suppose that S C X consists only of points € X for which

lim sup fdp > t.

.
r—0 ;L(B(I,T)) B(z,r)
Then let U D S with fU fdu < fs fdu + € and let B be the collection of balls
satisfying B C U and fB fdu > tu(B). By hypotheses, B satisfies the hypotheses
of Theorem and so has a countable disjoint sub-cover B covering almost all of
S. Therefore

/SfdqueZ/deuz Z/deuNZM(B)—tu(U B) > tu(S).

BecC BeB BeB
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Since € > 0 is arbitrary, we have

(2.6) tu(S) < /Sfdu-
A similar argument shows that, if S C X consists only of points z € X for which
1
lim inf 7/ fdp < s,
r—0 ,U/(B(l’,’f‘)) B(z,r)
then
(2.7) / fdp < su(S

We first show that the limit in eq. exists almost everywhere. For s <t € R
let S, ; be the set of those x € X for Wthh

1
lim inf 7/ fdp < s <t <limsup fdu.
B(z,r)

1
r—0 M(B(J? 7‘)) r—0 /f"(B(xvr))/B(x,r)

Then egs. ) and (2.7]) imply
(Ss,t) < / fdp < SN(Ss,t>v
Ss,t

so that (4(Ss,+) = 0. Therefore, the limit in eq. (2.5)) exists exists almost everywhere.
We will note the value of this limit by g(z).
To see that g = f almost everywhere, let € > 0, S C X and for each n € Z let

Sp={zeS:(1+e"<g(x)<(1+e)" '}
Then by eq. .

/gdu Z/ gdp <> (1+e)"p (1+e) Z/ fdp = (1+¢) /fdu

neN nez neZ
Similarly, by eq. (2.7)),

/Sgdu2(1+6)_1/5fdﬂ.

Since € > 0 is arbitrary, we must have

/Sfdu:/sgdu-

Since S C X is arbitrary, this implies that f = g almost everywhere. O
We also get the Lebesgue density theorem.

Corollary 2.6. Let (X,d, ) be a doubling metric measure space and S C X mea-
surable. Then for p-a.e. x € S,

o 1(B(@.1)019)

r—0  u(B(z,7r)) =L

3. THE CLASSICAL RADEMACHER THEOREM AND POINCARE INEQUALITY

Definition 3.1. A function f: (X,d) — (Y, p) is Lipschitz if there exists an L > 0
such that

p(f(x), f(y)) < Ld(z,y)
for each z,y € X. The smallest such L is called the Lipschitz constant of f.

For us, a fundamental result regarding Lipschitz functions is the following.

Theorem 3.2 (Lebesgue). Let f: R — R be Lipschitz. Then f is differentiable
(Lebesgue) almost everywhere.



RADEMACHER’S THEOREM AND ALBERTI REPRESENTATIONS 5

Proof. Observe that it suffices to prove the result for f is defined on [0, 1].
For each z € [0,1] let

V(z) = supZ |f(@is1) — f(z)l,

where the supremum is taken over all 0 < 21 < 22 < ... < x, < 1. This V is called
the variation of f, and since f is Lipschitz, its variation is bounded. Moreover, V'
is increasing as is V' — f. Thus, it suffices to prove that any increasing function is
differentiable almost everywhere.

To this end, let g: [0,1] — R be increasing and s € R. If S consists only of
points z € [0, 1] for which
(3.1) liminfM < s,

y—a y—

then by the Vitali covering theorem, we may cover almost all of S by disjoint
intervals [a;, b;] for which g(b;) — g(a;) < s(b; — a;). By summing over such i and
using the fact that g is increasing, this implies that £!(g()) < s£'(S). Similarly,
if S consists only of points x € [0, 1] for which

(3.2) lim sup 9) = 9(x)
y—z y—x

then £1(g(S)) > tL£Y(S). Therefore, for s < t, if S consists of all those z € [0, 1]

satisfying both eqs. (3.1) and (3.2), t£1(S) < s£'(S), so that £(S) = 0. By

considering all rational s < ¢, this shows that g is differentiable almost everywhere.
O

>t

Following this we prove Rademacher’s theorem. There are many possible ways
of proceeding once we have proved Lebesgue’s theorem.

Theorem 3.3 (Rademacher). Let f: R™ — R™ be Lipschitz. Then f is differen-
tiable almost everywhere.

Proof. Note that it suffices to assume that m = 1. We will prove the statement for
n = 2. The general proof uses exactly the same idea, but with more notation and
a little more care at the end.
Let
G={x eR": 0 f(x),02f(x) exist}.
Note that, by Fubini’s theorem and Theorem [3:2] G has full measure. For z € G
define Df(x) = (01f(z),02f(x)) and let

B ={x € G:Df(x)is not the derivative of f at z}.

We need to show that £(B) = 0.
To do this, we need to “filter” B into subsets that we can handle. Observe that,
for each = € B there exists an € > 0 such that

(33) o /) = 1(@) = DF@(y = )|

Y=z ly — |
For each € > 0 let B, be those x € B which satisfy eq. , so that B = U Be.
However, note that we also have B = Ugs>0B.. This small modification is impor-
tant for showing that B has measure zero: because this is a countable union, we
only have to show that each B, has measure zero.
Now fix an € > 0 and, for each D € Q? let

Bep ={zr € B.:||Df(x) — D|| < €/10}.
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Note that, by the triangle inequality, for any € B¢ p,

(3.4) Jimsup LY~ f(ﬁ; - fH(a:)(y — )]

Moreover, because Q? is dense in R?, B, = Upeqg2 Be,p, so that it suffices to prove
each B, p has measure zero.

We make one final filter. For R > 0 let B, p r be those x € B, p such that
f(z + hes) = £(z) - Dih
|h|
for each ¢ = 1,2 and each 0 < |h| < R. Because 0, f(z) exists and |9; f(z) — D;| <
€/10 for each z € B, B, p = UgsrBe,p,r > 0, and so it suffices to prove that each

one has measure zero.

To do this, fix 0 < R,e < 1/10, D € Q* and x € B, p. We will show that there
exists a A > 0 and a sequence x; — « such that B(z;, A||z; — z|) is disjoint from
B¢ p,r for each j € N. The Lebesgue density theorem then implies that B p r has
measure zero.

To this end, write g(y) = f(y) — D -y and pick L > 1 greater than the Lipschitz
constant of g. For each j € N let y be a point as in eq. with |ly — z|| < 1/j.
We set 2; =y and A = ¢/10L and let z € B(z;, ||z —z;||). Let 2’ be the projection
of z onto the line z +Rey, so that ||z — 2| < ||z —z;|| < Rand ||z — 2| < ||z —z].
Observe that by eq.
9(=) —g(e)| _ 8 1 80

Iz — 2| 101+ ¢/10L = 101

> 9¢/10.

(3.5) < €/10

(3.6)

and by eq. (3.5))

9(=) = g(@)| _ 19z)) —g(@) _ €
=l = Jo—z " 10

Thus, by the triangle inequality,

79¢||z — ||
— ! S
o) — 9] > el
Since 2z’ € z + Reg, and ||z — 2’| < R, z € Be,p,r, as required. O

Together with the Lebesgue and Rademacher differentiation theorems, we have
the fundamental theorem of calculus.

Theorem 3.4 (Fundamental theorem of calculus). Let f: R — R be Lipschitz.
Then for any x <y € R

1) - 1) = | "Drdc.

Proof. First suppose that Df(t) = 0 for almost every ¢ € R and let ¢ > 0. By
the Vitali covering theorem, we may cover [z,y] by a null set N and a countable
number of disjoint intervals [a;, b;] such that |f(t) — f(a;)| < €|t — a;| < €|b; — a4
for each t € [a;, b;] and each i € N. Consequently,
L(f([z.y]) < LUN)) + D elbs — as) < LIF(N)) + e(y — ).
ieN
Since € > 0 is arbitrary, this gives L(f([x,y])) < f(N). Since f is Lipschitz and
L(N) = 0, we have L(f([z,y])) = 0. Since f([z,y]) is an interval, it must be a
single point, and so f must be constant.
Now suppose that f is as in the statement of the theorem and define

g(t) =/; Dfdc
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for each ¢ € [z,y]. Then g is a Lipschitz function (because |Df| is bounded by
Lip f) and, by Theorem [2.5} Dg = D f almost everywhere in [z,y]. Thus f — g has

derivative zero almost everywhere in [z,y] and so by the first part of the proof is
constant. That is

Y
f(6) - 1) = 9(0) - o) = [ DL,

O

Remark 3.5. In the previous proof, we may replace the hypothesis that f is Lipschitz

by f being totally bounded (so that its derivative exists almost everywhere) and

the fact that f maps sets of measure zero to sets of measure zero. Such a function
is said to be absolutely continuous.

We now state a version of the Poincaré inequality for Lipschitz functions defined
on Euclidean space. This version is much weaker than the “standard” Poincaré
inequality but, as we will see later, has a suitable interpretation in the metric
measure space setting.

We introduce some standard notation. For an integrable f: (X,d,u) — R and
B C X of positive and finite measure, let

1
]{deﬂ—m/deM
and fngde,u.

Theorem 3.6. For any Lipschitz f: R™ — R and any ball B C R",
F 18- falact < curam)f |psact
B B

Proof. For x € B, we calculate f(z)— fp using polar coordinates: for w € S"~! let
R(w) be the largest R > 0 such that  + Rw € B. Then

1 R(w) -
1@ =16l < oy [ [ @) = et o)l ar e

Applying Theorem [3.4] to the integrand gives

R(w) r
|f(x) = fBl < ﬁ/sm/o 7""_1/0 | Df (2 + tw)]|| dt dr dw

and so, since r < R(w) < 2rad(B),

CnR n R(w)
|f(x) = fBl < /3”((;;/8/0 IDf(z + tw)]| dt dw.

By making the change of variables back to B, this integral becomes

/(@) f‘<c/|| yn"l

Finally, by integrating over z € B and applying Fubini we get

L1s=sslacr <, [ 101w [ i dray < Coxaa(s) [ Ipsac.

Dividing by the measure of B completes the proof. O
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4. THE POINCARE INEQUALITY IN METRIC MEASURE SPACES AND CHEEGER’S
THEOREM

The proof of Poincaré inequality relies on the behaviour of Lipschitz functions
along lines in Euclidean space. Namely that they satisfy the fundamental theorem
of calculus. This motivates our definition of a Poincaré inequality in the setting of
metric measure spaces, but we must replace a “line” by a rectifiable curve.

First we introduce some standard notation of how we integrate a function on a
rectifiable curve.

Definition 4.1. A rectifiable curve in a metric space X is a Lipschitz function
v: [a,b] = X.
The length of a rectifiable curve is

len(y) = sup {Z dy(t:),y(tic1)) ra=to <ty < ... <ty = b} .

If v is injective, then this agrees with H!(y([a,b])).

Whilst formally, we have defined a rectifiable curve to be a Lipschitz function,
we will usually think of one as a subset of a metric space. This requires us to
canonically define the integral of a function on a rectifiable curve, which we now
do.

Given a rectifiable curve v: [a,b] — X, let I, [a,b] = Ry be defined by I, (t) =
len(7[(q,g). There exists a 1-Lipschitz v*: [0,len(y)] — X such that v = 7* o [,.
Such a ~v* is the arc-length parametrisation of ~y, and if v = v* then we say that
is parametrised by arc-length. Moreover, if -y is injective, then so is v* and, for any
Borel S C [0,len(y)], HL(S) = H*(v*(5)) (see the exercises).

Definition 4.2. Given a Borel function p: X — R we define the line integral of p
over a rectifiable curve v to be

len(vy)
/pd5:/ po~y*(t)dt.
¥ 0

If v is injective, this agrees with

/ pdH .
([a,b])

We can now define a replacement for the fundamental theorem of calculus in a
metric space.

Definition 4.3. Let X be a metric space and f: X — R a Lipschitz function. A
Borel function p: X — [0,00) is an upper gradient of f if, for every z,y € X and
every rectifiable curve 7 joining x to y,

)~ F)l < [ pds.
¥

Observe that, if X = R"™, then by Lebesgue’s theorem, p = ||Df]| is an upper
gradient of any Lipschitz f: R™ — R. More generally, for any metric space X and
any Lipschitz f: X — R, Lip f is an upper gradient of f. See also the exercises.

Observe also that this definition is only of value when X has a rich structure
of rectifiable curves. For example, if X contains no non-trivial rectifiable curves,
as is the case when X = {0,1}, then p = 0 is an upper-gradient of any Lipschitz
function.

The notion of a Poincaré inequality in a metric measure space says that any
upper gradient of a Lipschitz function must control the behaviour in a very precise
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way. The Poincaré inequality in this setting was first introduced by Heinonen
and Koskela [Heinonen'1998]. We give a slightly different formulation that is
equivalent whenever the measure is doubling.

Definition 4.4. For p > 1, a metric measure space (X, d, u) satisfies a p-Poincaré
inequality if there exists a C' > 1 such that, for any ball B C X, any Lipschitz
f+ X — R and any upper-gradient p of f,

]{3 f — f5] < Crad(B) <]{3 e dﬂ);

We say that (X, d, p) is a p-PI space if it is doubling and satisfies a p-Poincaré
inequality.

By Holder’s inequality, the Poincaré inequality becomes weaker as p increases.
Also, Theorem shows that Euclidean space is a 1-PI space.

Laakso gave several very interesting, non-trivial, and highly non-Euclidean ex-
amples of 1-PI spaces [laakso; laakso-graph].

‘We now move on to considering the derivatives of real valued Lipschitz functions
defined on a metric space. The first way to generalise a derivative to this setting was
introduced by Cheeger [Che99| and was later refined by Keith [Kei04]. It simply
replaces to coordinate functions in Euclidean space by an arbitrary vector valued
Lipschitz function.

Definition 4.5. Let ¢: X — R™ be a fixed Lipschitz function and zy € X.
A function f: X — R is differentiable with respect to ¢ at xg if there exists a
unique D f(zg) € R™ such that

s (@) = F@0) = Df (o) - (6(z) = d(a0))

=0.
T—rTo d(l.vx())

Note that we must assume that the derivative is unique as a part of the definition.
We can now say what it means for a metric measure space to satisfy a generali-
sation of Rademacher’s theorem.

Definition 4.6. A metric measure space (X,d, u) is a Lipschitz differentiability
space if there exists a countable Borel decomposition

x=u
ieN
and countably many Lipschitz functions ¢;: X — R™ such that the following is
true: For every Lipschitz f: X — R and every ¢ € N, f is differentiable at p-a.e.
point in U; with respect to ¢;.
We call the pair (U;, ¢;) a chart.

This is all the required concepts to state Cheeger’s theorem |Che99).
Theorem 4.7 (Cheeger). Any PI space is a Lipschitz differentiability space.

5. ALBERTI REPRESENTATIONS AS AN ALTERNATIVE GENERALISATION OF
RADEMACHER'S THEOREM

We now introduce an alternative way to generalise Rademacher’s theorem to
metric measure spaces. However, it turns out that this in an equivalent formulation
to Cheeger’s. This is nice because it allows us to have two very different descriptions
of the same phenomenon.

This alternative formulation is based on the idea of forming a partial derivative
of any Lipschitz function along a rectifiable curve.



10 DAVID BATE

Definition 5.1. Given a metric space X, define the set of rectifiable curves in X
to be

['(X)={y:[0,1] = X : v 1-Lipschitz}

equipped with the supremum metric

d(v,7') = tgl[épl] d((t),7'(t))-

Definition 5.2. An Alberti representation of a metric measure space (X,d, )
consists of a probability measure P on I'(X) and for each v € T'(X) a measure
fiy < M (j0,17) such that

u(B) = / B EE)

for every Borel B C X.

The motivation for considering Alberti representations is the following. Suppose
that f: X — Ris Lipschitz and that v € T'(X). Then the composition fovy: [0,1] —
X is Lipschitz and so is differentiable almost everywhere. That is, for H! almost
every = € ¥([0, 1]), there exists a partial derivative of f at z given by (fovy)'(y~1(x)).
It is then not hard to see that, if (X, d, ) has an Alberti representation, then such
a partial derivative exists for p almost every = € X.

You should compare this to our proof of Rademacher’s theorem; the first step
is to use the Fubini and Lebesgue theorems to find a partial derivative of any
Lipschitz function. Here, we are replacing the use of Fubini’s theorem with the
definition of an Alberti representation. Of course, Fubini’s theorem tells us that
Lebesgue measure has an Alberti representation.

Of course, in the proof of Rademacher’s theorem, it is important that we can
find all n partial derivatives of a Lipschitz f: R™ — R. Our next step is to interpret
this for Alberti representations.

In Euclidean space, we can distinguish different families of curves by considering
their tangents: some curves travel in a direction close to the e, direction, some
others close to the ey direction and so on. In metric spaces there is no natural way
to assign a tangent. However, suppose we fix a Lipschitz ¢: X — R™. Then, as
above, for any v € I'(X), (¢ o) (t) exists for H! almost every ¢ € [0,1]. We can
use this tangent to give a direction to v (with respect to ¢).

Definition 5.3. Let (X, d) be a metric space, ¢: X — R™ Lipschitz and C C R™ a
cone. We say that v € T'(X) is a C-curve (with respect to ¢) if (¢po~)'(t) € C'\ {0}
for £! almost every ¢ € [0, 1].

Similarly, an Alberti representation (P, {x}) of a metric measure space is a C-
Alberti representation (with respect to ¢) if P almost every curve is a C curve (with
respect to ¢).

Finally, we say that a collection of Alberti representations

(Pla {:u'ly})v EER (Pn’ {ﬂ:})

is independent if there exists a Lipschitz ¢: X — R” and independent cones
Cy,...,Cy CR™ such that (P, {}) is a C;-Alberti representation with respect to
¢ for each 1 <i <n.

We say that cones Ci,...,C,, C R™ are independent if any choice v; € C; \ {0}
forms a linearly independent set.

Often the underlying function ¢ will be clear from the context and we will not
explicitly mention it.
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We see from Fubini’s theorem that Lebesgue measure has a collection of n in-
dependent Alberti representations (and no more), and that this is precisely the
property we required in our proof of Rademacher’s theorem.

The first step of our proof of Cheeger’s theorem will be to prove that a PI space
has a large collection of independent Alberti representations. Before we prove
this, we will develop a general technique for deciding when a measure has many
independent Alberti representations.

Definition 5.4. Let X be a metric space, ¢: X — R"™ Lipschitz and C C R" a
cone. A Borel S C X is C-null (with respect to ¢) if H1(yNS) = 0 for each C-curve
.

Observe that, if a metric measure space is C-null then it cannot support a C-
Alberti representation. This is in fact a characterisation of those measures with
C-Alberti representations. We will use this fact without proof.

Lemma 5.5. Let (X,d, ) be a metric measure space, ¢: X — R™ Lipschitz and
C C R™ a cone. There exists a decomposition X = AU S such that u.A has a
C-Alberti representation and S is C-null. This decomposition is unique up to
null sets.

By applying this lemma to a collection of independent cones Cy,Cjy,...,C,, we
obtain a decomposition X = AUS;USyU...US,, where each S; is C; null. and p|
has n independent Alberti representations. This is a good start, but, in a PI space,
we will only be able to prove that the S; have measure zero when 6 is sufficiently
wide. Of course, we cannot simply apply the lemma to very wide cones, because
they will not be independent. Therefore, we must do something more involved.
The first step is to show that we can combine the cones of C-null sets. However,
for this we require a very rich collection of curves provided by an ambient Banach
space.

Lemma 5.6. Let X be a metric space and f: X — R™ Lipschitz. There exists
a Banach space B, a biLipschitz v: X — B and a linear T: X — R"™ such that
o(x) =T ((x)) for every x € X. If X is separable, then we may find such a B that
is also separable.

Proof. Let 1*: X — B* be an isometric embedding of X into a Banach space. If X
is separable we may suppose that B* is separable too. The map

x) = (¢(2),0*(x)) eR" x B* := B
is the desired embedding. 0

Since a PI space is preserved under biLipschitz equivalences, from now on we
may suppose that our metric measure space is a subset of some Banach space and
that the map ¢ is linear.

We define our cones as follows. For w € S and 0 < 6 < 1 let C(w, §) be the cone
of v € R™ such that w-v > 6||v||. Note that this cone becomes very wide as § — 0.

Proposition 5.7. Let B be a Banach space, ¢: B — R" linear and C C R" a
cone. Suppose that S C B is C-null with respect to ¢. Then for any v € T'(B),
(¢ o) (t) ¢ interior(C) for almost every t € y~1(S).

Proof. Let C = C(w,#) for some w € S"! and 0 < # < 1. Suppose that the
conclusion is false and that for some v € T'(B),

B={tecy YS): (pov)(t) € interior(C)}
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has positive measure. Since
interior(C') = | _J C(w,0 + 1/4) \ B(0,1/),
JEN
there exists some j € N such that
By ={tey(S): (po7)(t) € C(w,0+1/5)\U(0,1/5)}
satisfies H'(y(B1)) > 0. Further, since C(w,6 + 1/5) \ U(0,1/j) is a closed subset
of interior(C'), there exists an R > 0 such that the set

Oyt + 7)) —o(v(t)

BQZ{tGBli ,

eCVO<|r| <R}

also satisfies H!(v(Bz)) > 0.
By dividing Bs into finitely many subsets of diameter R, at least one of these
subsets Bz must satisfy H!(v(Bs)) > 0. Note that in particular, for any s,t € Bs,

(1) — (7(s))
t—s
Finally, there exists a compact K C Bs such that H!(y(K)) > 0.

Let min K = a and max K = b. Note that [a,b]\ K is open and so is a countable
union of disjoint intervals U;(¢;, d;). We extend ~ linearly on the complement of
K: for any i € N and ¢ € (¢;,d;) let 0 < A < 1 such that ¢t = A¢; + (1 — A\)d; and
set v(t) = Ay(e;) + (1 — A)y(d;). Since ¢(y(d;)) — ¢(v(c;)) € C and ¢ is linear,
((Z) o ’y)/(t) e Cforallte (Ci, dz) U

eC.

From the previous Proposition we can deduce the following method to “refine”
the directions of an Alberti representation. Of course, this makes most sense when
the C; are very thin.

Lemma 5.8. Let B be a Banach space, ¢: B — R™ linear and C C R™ a cone.
Suppose that a measure pu has a C-Alberti representation with respect to ¢. Then,

for any collection of cones C1,...,Cy CR"™ such that
m

c\{0} C U interior(C}),
i=1

there exists a Borel decomposition B = By U ... U By, such that each p|p, has a
C;-Alberti representation.

Proof. By Lemmal5.5]there exists a decomposition B = B1US; such that By has the
required form and S7 is C7-null. By applying Lemma again (to p|s,) we obtain
a decomposition B = By U By U Sy where By has the required form and S5 is both
Ci-null and Cs-null. By repeating, we obtain a decomposition B = B1U...UB,,US
such that each B; has the required form and S is C;-null for each 1 < i < m. By
Lemma [5.8] we see that S is C-null. Since p has a C-Alberti representation, we
must have p(S) = 0. Therefore, Bf = B; U S also has the required properties of
By, and B} U By U...U By, is the required decomposition. O

Finally we can prove the decomposition that we are after; we will later show that
the ‘singular sets’ appearing have measure zero whenever the measure supports a
Poincaré inequality.

Proposition 5.9. Let (X,d,u) be a metric measure space and ¢: X — R™ Lips-
chitz. For any 0 < 8 < 1 there exists a decomposition

(5.) x={Jaul)s
=1 =1
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and wy, ..., wy, € S"Y such that each p|a, has n independent Alberti representa-
tions and each S; is C(w;, 0)-null.

Proof. We will iteratively find the Alberti representations one-by-one.

First we apply Lemmal5.5|to an arbitrary cone C(w, §) to obtain a decomposition
X = AU S where p|4 has a C(w, 0)-Alberti representation and S is C'(w, 6)-null.

Now suppose that, for 1 < d < n we have a decomposition as in eq. (5.1) where
each (|4, has d independent Alberti representations. By applying Lemma (and
increasing m) we may suppose that these Alberti representations are C(w;v,a)—
Alberti representations for 1 < j < d and 0 < a < 1 as small as we wish. Fix
al < i < m and pick wl,, to be orthogonal to w{,...,w}, which is possible
because by assumption 1 < d < n. We pick « so small that C(wéH_17 0) and each
C(wg,a) are disjoint for 1 < j < d (this is independent of the choice of the w;
and only depends on n). Then the cones C(w},w),...,C(w),«) and C(wl, ,0)
are independent.

Finally, we apply Lemmato obtain a decomposition A; = A7US" where pua;
has d + 1 independent Alberti representations and S’ is C'(w} 41, 0)-null.

Repeating this for each 1 < d < n completes the proof. O

6. ALBERTI REPRESENTATIONS AND THE POINCARE INEQUALITY

The next step is to demonstrate that PI spaces possess many independent Alberti
representations. Of course, we cannot use Proposition to deduce that there
arbitrarily large collections of independent Alberti representations; R™ can have at
most n independent Alberti representations. Thus we must find some reasonable
conditions on ¢ for which that proposition is useful (see also the exercises for when
it is vacuous).

To understand what such a condition on ¢ should look like, it is important to
think of how we will eventually deduce the conclusion of Cheeger’s theorem. We
start with the following elementary lemma of measure theory.

Lemma 6.1. Let p be a o-finite measure on a set X and let S be a collection of
1 measurable sets that is closed under taking countable unions. Then there exists a
decomposition
X=5SUA
such that S € 8 and, for every B C A, if B € S then u(B) = 0. This decomposition
is unique up to sets of p measure zero.
Let T be a collection of p measurable subsets of X such that, for any measurable
Y C X with (YY) > 0 there exists a T € T with T CY and p(T) > 0. Then there
erists a decomposition
X=Nu{JT
€N
where p(N) =0 and T; € T for each i € N.

Proof. 1t suffices to prove the lemma for p finite.
For the first part of the lemma, consider

m = sup{u(S): S € S} < .

First observe that there exists S € S with u(S) = m. Indeed, for each ¢ € N let
S; € § with u(S;) > m —1/i and set S = U;S;. Then S € S (since S is closed
under countable unions) and

m> () > u(Sp) > m—1/i
for each i € N, so that p(S) =m. Set A =X\ S.
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Now suppose that B € A, B € S and pu(B) > 0. Then BUS € S and
uw(BUS) > p(S) > m, a contradiction. Thus, for any B € S with B C A, we must
have u(B) = 0, as required.

For the second part, given such a set 7, define

S={Umn:TeT}
iEN
which is closed under taking countable unions. Thus, by the first part of the lemma,
there exists a decomposition

X=AulJT
ieN
where T; € T for each i € Nand, if T € T, T C A, then u(T) = 0. By assumption,
this implies that u(A) = 0, as required. O

To construct the chart maps in the definition of a Lipschitz differentiability space
we will use the following.

Proposition 6.2. Let (X,d, ) be a o-finite metric measure space and suppose that
there exists an N € N for which the following is true. When ever ¢: X — R" is
Lipschitz with the property that

(6.1) Lip(D - ¢,z) >0 for every D € R™\ {0},

for a set of positive measure x € X, then n < N. Then (X,d, ) is a Lipschitz
differentiability space.

Proof. Let U C X be a Borel set of positive measure. Either every Lipschitz
¢: X — R satisfies Lip(¢, x) = 0 for p almost every € U or there exists a Uy C U
of positive measure and a Lipschitz ¢;: X — R with Lip(¢1,2) > 0 for every
x € U;. Given the first option we stop; in this case X is a Lipschitz differentiability
space with respect to the zero function. Otherwise we proceed iteratively.

Suppose that we have, for some n € N, a Lipschitz ¢,: X — R™" and a U, C U
with p(U,) > 0 such that Lip(D - ¢,x) > 0 for every D € S*"~! for almost every
x € U,. Then either

e (Uy,, ) is a chart with respect to which every Lipschitz f: X — R is dif-
ferentiable almost everywhere;
e or there exists a U, 41 C U, of positive measure and a Lipschitz ot X —
R such that ¢’ = (¢, p" 1) satisfies Lip(D - ¢, ) > 0 for every D € R* 1\
{0}.
Note that, for the first case, the uniqueness of the derivative is equivalent to the
hypotheses on ¢ (see the exercises).
By hypothesis, the second option cannot hold for sufficiently large n, and so at
some point we find a subset of U of positive measure which forms a chart. Since
U C X is an arbitrary set of positive measure, Lemma [6.1| completes the proof. [J

The way forward is now more clear; given a Lipschitz ¢: X — R™ satisfying
eq. for all z in a subset U of positive measure, Proposition gives a decom-
position of U into some subsets which have n independent Alberti representations,
and other sets which are C(w, #)-null for 6 as small as we like. To show that these
C(w, 0)-null subsets of U have measure zero, we begin the following Lemma.

Lemma 6.3. Let (X,d,pu) be a doubling metric measure space and f: X — R
1-Lipschitz. There exists a constant n = n(doub(u)) > 1 such that, for any ball
BcCX,

[f(x) = f(y)]

n
D :m,yeB} .

][ |f = feB|dp > C(p) rastup{
2B
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In particular, if (X,d, p) is a (weak) PI space and p is an upper gradient of f,
Lip(f, ) < C(PL(u))p(x)"/"
for i almost every x € X.

Remark 6.4. The ‘in particular’ statement of the previous lemma is the only part
in the proof that we require the Poincaré inequality.

Proof. Fix a ball B C X and let

(@) — f()
M _Sup{radB

If M = 0 there is nothing to prove and so we may suppose M > 0. Since B is
compact, there exist x1,xy € B such that

|f(z1) — f(y2)] = M rad B.
For i = 1,2 let B; = B(x;, M rad B/10) C 2B. Then, since f is 1-Lipschitz,
|f(y1) — f(y2)| = 8M rad B/10
for each y; € B; and each i = 1,2. In particular, there exists ¢ € 1,2 such that
|f(yi) — fop| > 4M rad B/10
for each y; € B;. Therefore,

:x,yGB}gl

1 2M rad Bu(B;)
(6.2) ][ f_f2BdM27/ f=fepldp > ———Fp—"
2B | | 1w(2B) Jp, | | 5u(2B)
Now, rad B; = M rad B/10 and so, since i is doubling,

C(u)"u(B:) > j(2B)
for n = —logy M/10 4+ 2. That is, if § = log, C > 0 depending on C(y) such that
(Bi) 5
>CM
1(2B)

Combining this with eq. (6.2) completes the first part of the proof.
The second part of the lemma simply follows from the Lebesgue differentiation
theorem. ]

Proposition 6.5. Let (X,d, ) be a (weak) PI space and ¢: X — R™ Lipschitz
satisfying eq. for all z € U C X. There exists a decomposition U = U;U;
such that, for each i € N and any w € S"~t, any C(w, 1/i)-null subset of U; has p
measure zero.

Proof. Since the definition of a C'(w, #)-null set is invariant under scaling ¢, we may
suppose that ¢ is 1-Lipschitz. Secondly, for each z € U, the function

D e S" ' Lip(D - ¢, 2)

is Lipschitz and positive by assumption. Therefore, it is bounded below by some
Az > 0 for each x € U. The map = — A, is Borel and so we may decompose U into
sets U; = {x: Ay > 1/i}, 1 € N.

For0 <6 <landw € S ! fixa C(w,0)-nullset S C U. Let f =w-¢: X — R.
We claim that

p=1lge+0lg

is an upper gradient of f. Indeed, if v: [0,]] — X is parametrised by arc-length,
then by Proposition (¢pov) & int(C(w,0)) for almost every t € y~1(S). That
is,

[(fen) ()] =lw-(doy) ()] <O(doy) ()l < OLipp =6
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for almost every t € y~1(S). Therefore, by the fundamental theorem of calculus,

l l
s - soonis o= [ ov [ 1 [

as required.
By applying Lemma[6.3] we find a C,n > 1 depending only on PI(x) such that,
for p almost every z € S,

1
h < Az < Lip(f,z) < Cp(z)/" = CoY/",

This is impossible if 4 is sufficiently small, and so we must have u(S) = 0. Precisely,
any C'(w,¢~"/C)-null subset of U; has p measure zero. Re-indexing the U; completes
the proof. O

We complete this section by summarising the main result.

Theorem 6.6. Let (X,d, ) be a PI space. Suppose thatU C X and ¢: X — R™ is
Lipschitz such that eq. holds for all x € U. Then there exists a decomposition
U = U;A; such that each pla, has n independent Alberti representations.

In particular, if there exists an N € N such that, for any U C X with u(U) > 0,
wlu can have at most N independent Alberti representations, then X is a Lipschitz
differentiability space.

Proof. Let U = U;U; be the decomposition given by Proposition and fix an
i € N. Apply Proposition to p|u, with @ = 1/i. Since any C(w, 1/7)-null subset
of U; has p measure zero, this gives a decomposition U; = UjA{ where each | 45
has n independent Alberti representations. After re-indexing the sequence, this is
the required decomposition.

For the second part, by combining the hypotheses with the first part of the
theorem, we precisely satisfy the hypotheses of Proposition [6.2] The conclusion
follows. (|

7. GROMOV—HAUSDORFF CONVERGENCE AND TANGENTS OF METRIC SPACES

An important property of the set of rectifiable curves is that it is compact. This
follows from the Arzela—Ascoli theorem.

Theorem 7.1 (Arzela—Ascoli). Let X,Y be compact metric spaces and L > 0. The
set of all L-Lipschitz f: X =Y equipped with the supremum metric is compact.

Proof. The set of all L-Lipschitz f: X — Y is a metric space and so, given a
sequence f, of such functions, it suffices to prove that f,, has a subsequence that
converges to some L-Lipschitz f: X — Y.

Since X is totally bounded, for each m € N, there exists x1,...,2a,, € X such
that
(7.1) X = B(2{",1/m)U...UB(xy; ,1/m).

First we define the function f. Consider the sequence f,(z1) € Y. Since Y
is compact, there exists a subsequence fnl(j)(x%) and some y; € Y such that
fra)(@1) = y1 as j — co. We define f(z]) = y1.

Now we move onto fnl(j)(xé). Again, since Y is compact there exists yo € Y
and a subsequence fy, ;) (#3) such that f,,;) (z3) — y2 as k — co. We define
f(x}) = y2 and note that, because this is a subsequence of the previous subsequence,
we also have fn,(;, (#1) = f(21) as k — oo.

If we continue this for each x1,... ,m}ul we obtain a subsequence f,1(;) of fy
such that

Furgy (@) = f(j) asj =00 V1 <i < M.
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We now repeat this process for each 2%, 13, ... ,Jc?\h, but using fp1(;) as the
starting sequence. This gives a subsequence f,z2(;) such that

Fozy(@2) = f(22) as j— 00 V1 <i < M.
Also, since this is a subsequence of f,1, we also have
fz(py(@)) = f(z}) asj— oo VLI <i< M.

By repeating this over each scale and taking a diagonal subsequence, we get a
subsequence, which for simplicity we will call f,,, such that

fa(@®) — f(x]*) asn— oo

for each m € N and each 1 <i < M,,.
By the exercises,
I U {o" .2y F =Y
meN

is L-Lipschitz and may be extended to an L-Lipschitz f: X — Y. To prove that
fn — f uniformly, let m € N be arbitrary and N € N such that, for all n > N,
| fa(2) = f(2)| < 1/m for each 1 < i < M,,. Then, for any z € X, by eq. (7.1,
there exists a 1 < i < M,, such that d(z,z") < 1/m. In particular, since f,, and f
are L-Lipschitz,

[fn() = F(@)] < [fnl2) = fulai)] + [ fa(@i®) = ()] + [f(2]") = f(2)]
<L/m+1/m+L/m=2L+1)/m.

Thus, f, — f uniformly, as required. O

We want to consider a notion of convergence of metric spaces. There are many
variations of a core idea developed by Gromov. Collectively they are all known as
“Gromov—Hausdorfl' convergence”. The application we are interested in (defining
the tangent of a doubling metric space) requires us to consider a distinguished point
of the metric space. A pointed metric space (X, d,x) is a metric space (X, d) and a
point x € X.

Definition 7.2 (Gromov-Hausdorff). A sequence (X,,d,,x,) of pointed metric
spaces Gromov-Hausdorff converges to a pointed metric space (X,d,x) if there
exists a sequence of maps (called Hausdorff approximations) t,: X — X, with
tn(x) = x, such that, for every €, R > 0, there exists an N € N such that, for all
n>N,

(7.2) |dn(tn (), tn(2)) — d(y, 2)| <€
for all y,z € B(x, R) and
(7.3) B(tn(B(z,R)),€) D B(z;, R —¢).

Remark 7.3. Note that we do not assume any regularity on the Hausdorff approx-
imations.

The first condition says that the Hausdorff approximations become more and
more isometric on compact sets, whilst the second says they become more and
more surjective.

Using similar techniques to the Arzela—Ascoli theorem, we have a compactness
theorem for Gromov—Hausdorff convergence.

Theorem 7.4. Let (X,,,d,,x,) be a sequence of uniformly doubling pointed metric
spaces. Then there exists a doubling pointed metric space (X,d,x) (with the same
doubling constant) such that, after possibly taking a subsequence, (Xn,dn,x,) —
(X,d,x).
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Proof. Fix R > 0. For each k,n € N let

Y =1{yg yls - YNy

be a 1/k-net of B(x,, R). Note that since the X,, are uniformly doubling, such a
net, where the number of elements is independent of n, exists. We may also require
that yg = x, for each n € N. Note that, by our choice of notation, we are also
requiring that the 1/k-nets of each X,, are nested as k increases.

Consider the tuples

Dy = (dn(yl,y7?) - 1 < i,5 < N(k)) € [0, R]V®

By the compactness of [0, R], by taking a subsequence if necessary, we may suppose
that there exists a Dy, € [0, R]N(k)2 such that D! — Dy as n — oo. Let By be an
arbitrary set of N (k) elements, say

Bk = {xla---axN(k)}
and define dy,(z;,2;) = (Dy); j, so that
(7.4) di(xs,x5) = Tim_dn(y}',y5).

Thus, Jk defines a pseudo metric on By,.. That is, dy, satisfies all of the properties
of a metric except possibly we may have some i # j for which dr. (2, ;) =0.

We now repeat this for each £ € N and take a diagonal subsequence such that
eq. holds for each k € N. Since the D}’ are nested, the Bk are also nested and

dk|X = d whenever j < k. Thus we may define B= UkBk and d = lim dk on B SO

that d is also a pseudo metric. We let (B d) be the quotient metric space of (B d)
That is, let B be the set of equivalence classes of B under z ~ y & d(x y) =0 and
d([z], [y]) = d(z,y) (you can check that this is a well defined metric space). Finally,
we let (B, d) be the completion of (B, d).

Now observe that, for any n € N and k¥ < j € N, Dy is a 1/k-net of D}. It
follows that By is a 1 /k-net of Bj and hence of B. Thus

Ny = {[z] : x € By}

is a 1/k-net of B and hence of B. We define ¢,,: N, — B, as follows. For any
Yy € Ny, choose the smallest 1 < i < N(k) such that z = [x;] and define ¢,,(z) = y.
We extend ¢, to B by mapping any z € B to an arbitrarily chosen ¢, (x) with
x € N, and 2’ € B(z,1/n).

In this construction, Y;" is a 1/k-net of B(z,, R). It follows that B = B(zo, R).
The final step of the construction is to take a final diagonal convergent subsequence
as R — oo.

It is now a matter of checking the conclusion of the theorem is satisfied. For
simplicity, we use the notation for B = B(z, R) as above. Since

tn(B(z,R)) D tn(Ny) = By,
and B,, is a 1/n-net of B(z,, R), we have
B(tn(B(zo, R)),1/n) D B(xn, R),
and hence eq. . To see eq. , observe that for any k € N and x,y € Ny,
dn (tn (), tn(y)) = d(z,y)

by the definition of d. Since N}, contains only finitely many points, we can ensure
that

|dn (tn(2), n(y)) — d(z,y)| < 1/k
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for all z,y € N;, and all n greater than some N. Therefore, for any 2,7y’ € B and
n > N, there exists z,y € N with d(x,2),d(y,y’) < 1/k and ¢, (x) = ¢, (2') and
tn(y) = tn(y'). Thus

|dn(tn(2"), () = d(2',y")] < dn(tn(),tn(y)) — d(z,y)| + |d(2,y) — d(z",y")|
< 1/k +2/k.

O

In what follows, we will not need to consider the specific metric in a metric space
(X,d) and so will simply refer to it as X. Given A > 0, we will write AX for the
metric space (X, Ad).

Definition 7.5. Let (X, z) be a pointed metric space. A Gromov—Hausdorff tan-
gent of X at x is any limit of a sequence of the form (AX, z) for A — oo.
We denote by Tan(X, x) the set of all Gromov—Hausdorff tangents of X at x.

If X is doubling, then for any A > 0, AX is also doubling with the same con-
stant. Thus, for any € X and A\; — oo, by the previous compactness theorem,
there exists a subsequence )\;, such that (\;, X, z) converges to some tangent space.
Therefore, Tan(X,z) # (. Note, however, that tangents are rarely unique. Cer-
tainly, if (Y,y) € Tan(X, ) then also (AY,y) € Tan(X, z) for any A > 0. However,
much more non uniqueness properties can occur: for n; an increasing sequence of
integers, consider the tangents to the graph of the following function at the origin:

f(x) = xxa
for
A= {z e R:exp(exp(—n;)) <z < exp(exp(—n;_1)), j odd}.

Of course, much stranger phenomena can occur.
We will use the following fact.

Fact. Gromov-Hausdorff convergence of doubling metric spaces is metrisable. That
is, there exists a metric dgg on the set M of all pointed doubling metric spaces
such that (X, x,) converges to (X, x) if and only if

deg(Xn,zn), (X, z)) — 0.

By Theoremm, (M, dgm) is a countable union of compact metric spaces and hence
is separable.

As we will see in the following results, the precise value of this metric is not
important to us, only the fact that Gromov-Hausdorff convergence is metrisable.

Recall that a point a € A C (X, d) is a porosity point of A if there exists a A > 0
and z,, € X such that x,, — a and

AN B(xp, Ad(zp,a)) = 0.
Therefore, if a is not a porosity point,

(7.5) lim sup d(y, AN B(a, R))

=0.
R—0 e B(a,R) R

We know, by the Lebesgue density theorem, if X is equipped with a doubling
measure g, then p almost every point of A is not a porosity point.

Lemma 7.6. Suppose that A C (X, d) and that a € A is not a porosity point of A.
Then Tan(A,a) = Tan(X, a).
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Proof. Let (Y,t) € Tan(A,a). Then there exists \; — oo and Hausdorff approxi-
mations ¢, : (Y,y) = (A4, a). We define Hausdorff approximations, also called ¢,,,
into (A, X, a) by simply post composing with the inclusion of A into X. Certainly
eq. (7.2) remains true for these Hausdorfl approximations, we just need to check
eq. (7.3). Given R, e > 0, since eq. (7.3) applies for the Hausdorff approximations
into (A, A4, a), there exists Ny € N such that, for all n > Ny,
B(t,(B(y,R)),e) D B(a,(R—¢€)/A\,) N A.
By eq. (7.5), there exists Ny € N such that, for all n > Nj,
B(B(a,(R—¢€)/A\n) N A e/X) D Bla, (R —€)/An).
Therefore, for all n > Ny, No,
B(t,(B(t, R)),2¢) D B(a, (R —2¢)/An),

as required.

Now suppose that (Y,y) € Tan(X,a). Then there exists A, — 0 and Haus-
dorff approximations ¢, : (Y,y) = (AnX,a). We define Hausdorff approximations
in: (Y,y) = (A4, a) as follows. For z € Y, if 1,,(2) € A let 7,,(2) = tn(2). Other-
wise, pick p € A with

1

(7.6) d(tn(2),p) < d(en(2), A) + e

and set 7,,(z) = p. Note that eq. (7.3)) is automatically true for 7,,. To see eq. (7.2)),
observe that, for any R > 0, eq. (7.5) and and eq. (7.6)) show that

And(tn(2),in(2)) = 0

uniformly on B(¢, R). Therefore, eq. (7.2) for the 7,, follows from eq. (7.2) for the
ln- O

The previous observation allows us to show that moving the base point of a
tangent gives a space that is also a tangent.

Theorem 7.7. Let (X, pu) be a doubling metric measure space. Then for p almost
every x € X the following is true. If (Y,y) € Tan(X,z) and y' € Y, then (Y,y') €
Tan(X, ).
Proof. We must show that the following set has 1 measure zero:
{xe X :3(Y,y) € Tan(X,z), ¥ €Y s.t. (V,y') € Tan(X, z)}.
If (Y,y') & Tan(X, z) then there exists k € N such that
d(Y,y), A X,z)) > 1/k VY A>k.

Thus, it suffices to prove, for a § > 0 which we now fix, that the following set has
M measure zero:

{ze X :3(Y,y) € Tan(X,z), v €Y s.t. d(V,y'), AX,2)) >V \>d}.

Since the set of all doubling metric spaces is separable with respect to Gromov—
Hausdorfl convergence, there exist a countable cover by sets of diameter §/4. Let
B be one such set. It suffices to prove that the set A defined to be those x € X for
which

3(Y,y) € BNTan(X,z), v € Y s.t. d(Y,y'),(AX,2)) >V >0

has measure zero. Finally, for p almost every x € A, Tan(X,z) = Tan(A4,z).
Therefore, it suffices to prove that the set A’ of those z € A for which

3 (Y,y) € BNnTan(4,z), v € Y s.t. d(Y,y'),(X,d/r,x)) >V X >4

has measure zero. In fact, we will show that it is empty.
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Indeed, suppose that x € A’. Then there exist \,, — oo and Hausdorff approx-
imations ¢n,: (Y,y) = (AyA,x). Then, for a, = t,(¥) € A, (M4, a,) — (Y, y),
and so there exists N € N such that
(7.7) d((AnA, an), (Y,y)) < 6/4

for each n > N.
However, each a, € A and so there exists (Y,,y,) € Tan(X,a,) and a y}, € Y,
such that (Y,,y},) € B and

(7.8) d(Yo,yh), AnA apn) >0
whenever 1, < §. In particular, since B has diameter §/4,
(7.9) d((Yn,yn), (V1Y) < 6/4
for each n,m € N. Therefore, for any n > N for which r, < d,
O d(Yo,uh), (AnA, an)
< (Yo, yn), (Yo9) + (Y y), (An A, an))

(7.7 (7.9)

.é !/4 +0/4,
a contradiction. O

We need to make a slight modification to our use of Gromov—Hausdorff conver-
gence, because we must also consider the limiting behaviour of a Lipschitz function
defined on the space.

Given a pointed metric space (X, z) and a Lipschitz ¢: X — R"™ we call the
triple (X, z, f) a space function.

Definition 7.8. A space function (Y,y, ) is a Gromov—Hausdorff tangent to a
space function (X, z,¢) if there exists A, — oo and Hausdorff approximations
tn: (Yyy) = (A X, x) (so that (Y,y) € Tan(X, z)) such that

An(9(en(2)) — o(2)) = 9(2) — 9(y)
uniformly on any B(y, R).
The set of all Gromov—Hausdorff tangents to (X, z, ¢) is denoted by Tan(X, z, ¢).

Of course, if (X, z) is doubling, we know that Tan(X,x) is not empty. Suppose
that for some \,, — o0, (A, X, z) — (Y,y). For any A > 0 and any Lipschitz ¢: X —
R™, the function A¢: AX — R"™ has the same Lipschitz constant as ¢. Therefore,
by an argument similar to the Arzela—Ascoli theorem, there exists a subsequence
An, — o0 and a Lipschitz function ¢: Y — R™ such that (Y,y,v) € Tan(X, z,v).

By almost the same proof, the analogue to Theorem [7.7]is also true.

Theorem 7.9. Let (X, u) be a doubling metric measure space and ¢: X — R
Lipschitz. Then for u almost every x € X the following is true. If (Y,y,v) €
Tan(X,2,9) and y € Y, then (Y,y ;s —(y')) € Tan(X, z, ¢).

Finally, we apply the theory of Gromov-Hausdorff tangents to the setting of
metric measure spaces with Alberti representations. For X a metric space and
x € X, a line passing through z is an isometry g: R — X that contains x. For
v € R™, such a line is in the direction of v (with respect to some ¢: X — R") if

¢(9(R)) = Ro.

Lemma 7.10. Let (X,d, ) be a metric measure space, ¢: X — R™ Lipschitz and
C C R"™ a cone. Suppose that, for some A C X, p|a has a C-Alberti representation
with respect to ¢. Then for u almost every x € A there exists a v € C'\ {0} such
that, for every (Y,y,v) € (X,z,¢), Y contains a line passing through y in the ¢
direction of v.
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Proof. From the definition of an Alberti representation, we know for p almost every
x € A, there exists a~y € T and ¢ € [0, 1] such that v(¢) = x and (¢o~)'(t) € C'\ {0}.
Fix such a point = € A.

Now suppose that (Y,y, %) € (X, z,¢) and that ¢,,: (Y,y) = (A X, z) are Haus-
dorff approximations. Since (¢ o v)'(t) exists, by unravelling the definitions, it is
straightforward (but a bit tedious) to show that there exists a map g: R — Y con-
taining y such that (¢ o g)'(s) = (¢ o)’ (¢) for all s € R. By reparametrising g, we
see that it is a line passing through y in the direction of v := (¢ov)’(t) € C\{0}. O

By considering many independent Alberti representations we obtain the follow-
ing.

Proposition 7.11. Let (X,d, u) be a doubling metric measure space and ¢: X —
R™ Lipschitz. Suppose that, for some A C X, u|la has n independent Alberti
representations with respect to ¢. Then for u almost every x € A and every
(Y,y,v) € (X,z,0), ¥v: Y — R" is surjective.

Proof. By applying Lemma to each of the Alberti representations in the hy-
pothesis, we know that the following is true. For p almost every x € A there exist
linearly independent vy, ...,v, € R™ such that, for every (Y,y,v¢) € (X,z,¢), Y
contains lines ¢y, ..., g, each passing through y in the 1 direction of vy,...,v,
respectively.

Since (X,d,u) is doubling, we can apply Theorem This implies that, for
1 almost every x € A, the following is true. There exist linearly independent
v1, ..., U, € R™ such that, for every (Y, y,v) € (X, z,¢) and any ¢y’ € Y, Y contains
lines g1, ..., gn each passing through g’ in the v direction of vy, ..., v, respectively.
Therefore, for any (Y,y) € Tan(X, z), v(Y) = R™.

Indeed, since (Y, y) contains a line passing through y in the direction of vy, )(Y")
contains V; := ¢¥(y) + Rv;. Now, from any point z € Vi, there exists ' € Y such
that ¢ (y') = z. Since Y contains a line passing through ¢’ in the direction of vg,
¥(Y) contains ¥ (y’') +Ruy and hence Vs := ¢(y) +Ru; +Rus. Repeating iteratively,
we see that 1 (Y) contains

Vo :=9(y) + Roy + Rvg + ...+ Ru, =R”

as required. O

This gives us the required bound on the number of independent Alberti repre-
sentations by the doubling constant.

Theorem 7.12. Let (X,d,u) be a doubling metric measure space. There exists a
N € N depending only on the doubling constant of X such that, for any A C X
with (A) > 0, pla can have at most N independent Alberti representations.

Proof. Suppose that Z is an N-doubling metric space. Then we know that any ball
B(z, R) can be covered by at most N™ balls of radius 27" R. In particular, for any
a >log, N, H*(B(z,r)) =0, and hence dimy Z < log, N.

Now suppose that (Y,y) € Tan(X, x), for X as in the statement of the theorem.
We know that X is N-doubling for some N € N and hence so is Y. Therefore,
dimg Y < logy N. In particular, a Lipschitz function cannot map Y onto R"
with n > logy N. Since (X, d, ut) is doubling, the conclusion follows from Proposi-

tion [C111 O

To conclude we summarise the proof of Cheeger’s theorem.

Proof of Theorem[{.7]1 Let (X,d, ) be a PI space. By Propositionit suffices to
find an N € N for which, whenever ¢: X — R"™ is Lipschitz satisfying eq. (6.1)) at
all points € U with u(U) > 0, we must have n < N. Since X satisfies a Poincaré
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inequality, by applying Theorem there exists a countable decomposition U =
U;U; such that each u|y, has n independent Alberti representations. Thus, if we
find a bound N to the number of independent of Alberti representations of any
positive measure subset of X, we are done. This is given by Theorem [7.12 (]
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