AN INTRODUCTION TO RECTIFIABILITY IN METRIC SPACES

DAVID BATE

Throughout these notes, (X, d) will denote a metric space. By a measure on X we
mean a countably sub-additive set function . defined on the power set of X with
wu(0) = 0. If y is a measure on X then A C X is y-measurable if

w(E) = p(ENA)+ p(E\ A)

forall E C X. Any A C X with u(A) = 0 is p-measurable and the y-measurable
subsets of X form a o-algebra. We will assume that all measures are Borel measures,
meaning that all Borel sets are measurable.

1. RECTIFIABLE SUBSETS OF A METRIC SPACE

The prospect of studying the concepts of geometric measure theory in an arbi-
trary metric space stems from the fact that the fundamental definitions, namely
Hausdorff measure and Lipschitz functions, do not rely on Euclidean structure.

For s, > 0and E C X, we write

H3(E) = inf {Zdiam(Si)s :EC U S;, diam S; < 6}
i€N ‘€N
and define the s-dimensional Hausdorff measure of E by
H*(E) = sup H;(E).
6—0

Note that, since Hj(F) decreases as J decreases, the supremum is in fact a limit as
0 — 0.

Recall that a map f: (X,d) — (Y, p) between metric spaces is L-Lipschitz, for
L >0,if

p(f(2), f(y)) < Ld(z,y)

for all z,y € X. The least such L is called the Lipschitz constant of f and will be
denoted by Lip(f). An injective Lipschitz function is bi-Lipschitz if its inverse is
also Lipschitz; it’s bi-Lipschitz constant is Lip(f) - Lip(f~1).

Definition 1.1. A #°-measurable E' C X is n-rectifiable if, for each i € N, there exist
A; C R™ and a Lipschitz f;: A; — X such that

H" (E U ﬁ(A») = 0.
i€N

Note that we do not ask, as is often done in classical geometric measure theory,
that each A, = R™. This is to avoid topological obstructions in X. If X = R™
equipped with a norm, then by the McShane extension theorem (see Exercise [11]),
an equivalent definition is obtained if we require each A; = R". More generally, if
X is a Banach space, the same conclusion is obtained using a Lipschitz extension
result of Johnson, Lindenstrauss, and Schechtman [[4]. If X is complete, an equiv-
alent definition of rectifiability is obtained if we require the A; to be compact (see
Exercise [7).

This work was supported by the European Union’s Horizon 2020 research and innovation pro-
gramme (Grant agreement No. 948021).
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In classical geometric measure theory, geometric descriptions of rectifiable sets
fundamentally rely on Rademacher’s theorem.

Theorem 1.2 (Lebesgue n = 1, Rademacher n > 2). A Lipschitz f: R® — R™ is
differentiable L™-a.e.

Analogously, we will see that the geometry of rectifiable subsets of a metric
space rely on a “metric Rademacher” theorem.

To begin we consider the case that our Lipschitz function is defined on the whole
of R™.

1.1. Rectifiable curves.

Definition 1.3. Let~y: [a,b] — X be a Lipschitz curve. The variation of v is defined
as

Var(vy) := sup {Z d(v(tz‘)ﬁ(twl))} )
i=1

where the supremum ranges over all
a<ti <ty <...<t, <bh.

Further, we define the metric speed of v at t as

I CIORTO)
9] := lim s 1)

whenever the limit exists.

We begin with the proof of the metric Rademacher theorem in the case n = 1,
and follow the proof from [B, Theorem 4.1.6].

Proposition 1.4 (Ambrosio [[I], Kirchheim [[16]). Let ~: [a,b] — X be Lipschitz. For
Ll-ae. t € [a,b], |¥|(t) exists and

b
(1.1) Var(y) = / |v|dLt.
Proof. Let z,, n € N, be a dense subset of v([a, b]) and , for each n € N, let

Pn(t) = d(v(t), zn),
a 1-Lipschitz function ¢, : [a,b] — R. Thus, by Theorem [.2, ¢/, (¢) exists, for each
n € Nand L£!-a.e. t € [a,b]. We set

m(t) = sup |¢;, (1)]

neN

and will show that |¥|(t) = m(t) for L'-a.e. t € [a,b].
Since each x +— d(z, z,,) is 1-Lipschitz, we have

d(y(s),7(t)) [¢n(5) — on(D)]

lim inf > liminf
st ‘s—t| s—t |s—t|
= [¢,(1)]
for Ll-ae. t € R. Taking the supremum over n € N gives
(1.2) limitnfw > m(t)
s— s —

for £l-ae. t € R.
On the other hand, since the x,, are dense, for any s,¢ € R,

d(v(s),7(t)) = sup |[d(7(s), n) — d(xn, ¥(1))| = sup [n(s) — dn(t)]-

neN
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Further, since each ¢,, is a Lip(y)-Lipschitz real valued function on R,

d(y(s),7(t)) < sup [ ¢, (r)|dr
neN Js

(1.3) < /: m(r)dr.

Finally, |¢/,(t)| < Lip(y) whenever it exists. Therefore |m(t)| < Lip(v) too and
hence is locally integrable. If ¢ is a Lebesgue point of m then

lim sup d(v(s), v (1) < m(t).
s—t ‘S - t|
Combining this inequality with ([.2) completes the first part of the proof.
In order to prove (1)), note that ([.3) gives

n—1 b
Zd(’Y(tiH)ﬁ(ti))S/ [y det

for any a < ti,...,t, < b. Taking the supremum over such partitions gives one
of the required inequalities for ([[T]). For the opposite inequality, let e > 0, h =
(b—a)/n and t; = a + ih, for a choice of n € N for which h < e. Then

1 b—e 1 hn—2
[ daeenama<g [ > A0+ a4 19)dr

h
< %/ Var(vy) dr = Var(y).
0

Thus, Fatou’s lemma and the arbitrariness of € > 0 gives the other inequality. O

Asin the classical case, the above proposition allows us to find arc length parametri-
sations of rectifiable curves.

Corollary 1.5. Let v: [0,1] — X be Lipschitz and set | = Var(vy). There exists an
increasing ¢ [0,1] — [0, 1] such that 5 := ~ o ¢ is 1-Lipschitz and satisfies ||(t) = 1 for
Ll-ae t €0,

Proof. Foreacht € [0,1] let

t
o(t) = / 151t = Var(]j0.9)

which is Lipschitz, increasing and satisfies ¢/(0) = 0 and 4(1) = I. Note that ¢) = ||
almost everywhere. For s € [0, (] define

¢(s) = inf{t € [0,1] : 9(t) = s},
which is also increasing and satisfies ) o ¢ = id. If ¥ = v o ¢ then ([.1)) gives

d(¥(5),7(t)) = d(v(d(s)), v(8(1)))

()
< / 4]dc!
@(s)

#(t)
= pdLot
(s)

Y(8(1))
= / cardy~tdc!
P($(s))

t
:/ cardyp~1dL! =t — s,
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where the second equality follows from the (classical) area formula, and the final
equality holds since the set of z with card ! (x) > 1 is at most countable (since
¢~1(z) contains an open interval). Thus 7 is 1-Lipschitz.

Finally, let N be the null set where at least one of v or v is not (metrically) dif-
ferentiable and let M = ¢~1(N). Since 1) o ¢ = id, M C ¢(N) and hence, since v is
Lipschitz, M is a null set. Moreover, by the chain rule, for any ¢ ¢ M,

(@) = F(@()I6(t)] = (@) (w1 (@(1)] = 1.
O

1.2. Higher dimensional rectifiable sets. The content of the remainder of this sec-
tion is due to Kirchheim [[16].

Definition 1.6. Let f: R™ — X. A metric derivative of f at x is a seminorm |D f|(x)
on R” such that
(1.4) tim 1A W), f(2)) — [Df(2)(y — 2)|

=0.
y,2a ly =l + [z — |

Note that, if f: R™ — R™ is differentiable at z, then |Df|(z) = || D f(x)||.
Theorem 1.7. Let f: R™ — X be Lipschitz. For L™-a.e. x € R"™, |Df|(z) exists.

Proof. Let u,,, m € N, be a dense subset of S"~!. By Proposition [.4, for almost
every x € R",

(15) [D|() (1) = lim d(f(x +f|1:|m>7f<w>)

exists and is finite. Moreover, for such an , | D f|(z) is Lip(f)-Lipschitz on
{u; : j € N}.
Indeed, for any i,j € Nand e > 0,

d(f(x + tuy), d(f(z + tu;),
1D11() (w0 D) )] < | AL LD AT D
d(f (@ + tui), f(z + tuy))
- |
tu; — tu;
< Lip(n Il
provided ¢ is sufficiently small. Hence |D f|(xz) may be extended to the whole of
S"=! (by Exercise [.J). Further, we extend | D f|(z) to all of R™ by defining
(1.6) [Df[(z)(Au) = [A|Df](z)(w)
for any A € Rand u € S*~!. In particular, by ([F),

t—0 |t|

+ 2¢

2€

forall u € R™.
Now observe that, by the Lebesgue density and Lusin theorems, it suffices to
prove the result for x a density point of a compact set K on which | D f| is continu-
ous. For such an x we show that
(1.7) lim d(f(zx + tu), f(z +tu))
t—0 |t‘

— IDf|(@)(u — )

uniformly for u,u’ € B(0,1). Fix e > 0 and w,v’ € B(0,1). Since |Df] is (uni-
formly) continuous on K x B(0, 1), there exists » > 0 such that, for any y,z €
B(z,r)NK,

IDf1(y)(w) = [Df|(2)(u)] <€
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and

<e€

‘d(f(yH“)vf(y)) ~ IDS1(y)(w)
1

for allu € B(0,1) and |¢| < r. Further, since z is a density point of K, provided ¢ is
sufficiently small, there exists y € K N B(x + tu’, et). Thus

‘d(f(x +tu), fle+td)) IDf[(x)(u—u)
1

d(f(y +t(u—u')), f(y))
|
< 2¢(1 + Lip(f)),
which gives ([.7). Note that ([.7) implies ([4) and the fact that | D f|(z) satisfies the

triangle inequality. Combining this with ([[.§) shows that |Df|(z) is a seminorm.
O

< \ — [DI(y)(u— )| + 2Lip(f)e+ e

1.3. Lipschitz functions on arbitrary domains. Nextwe extend Theorem ['7] to the
case when f is only defined on a subset of R". To do this we use the Kuratowski
embedding.

Lemma 1.8 (Kuratowski embedding). Any separable metric space isometrically embeds
into {, the set of bounded sequences equipped with the supremum norm.

For the proof, see Exercise [.3.

Corollary 1.9. Let S C R™ and f: S — X be Lipschitz. Then f is differentiable L™-a.e.
in S. More precisely, for L™-a.e. © € S, there exists a unique norm |D f|(x) on R™ such
that ([L.4) holds for y,z € S.

Proof. Since S is separable and f is Lipschitz, f(S) is separable. We identify f(.5)
with its isometric image in ¢, given by Lemma [[.§. For each n € N, the function
fn: S — R defined by f,,(s) = f(s), is Lip(f)-Lipschitz. Using the McShane ex-
tension theorem (Exercise [1]), we extend each f,, to a Lip(f)-Lipschitz function
fn: R" = Rand define f: R" — £, by (f), = f, foreachn € N. Then f is Lip(f)-
Lipschitz and agrees with f on S. Therefore, if f is differentiable at z, (I4) holds
for f and y, z € S. It remains to show uniqueness of the derivative, which holds at
any density point of S, see Exercise [ 4. O

Definition 1.10. Let f: S C R™ — X be Lipschitz. We say that x € S is a regular
point of f if x is a density point of S, |Df|(z) exists and it is a norm. Standard

arguments show that the set of regular points of a Borel set S is a Borel subset of
S.

1.4. Properties of rectifiable subsets of a metric space.

Lemma 1.11. Let S C R™ be Borel, f: S — X Lipschitz and A\ > 1. There exist Borel
sets E; C S and norms || - ||; on R™ such that

o The set of regular points of f equals U; E;;

e Foreachi €N, f: (E;, || - |l:) — X is A\-bi-Lipschitz.
Proof. First note that the space of all norms on R" is separable, in the following

sense. There exists a countable set of norms A such that, for any A > 0 and any
norm || - | on R™, there exists || - || € N such that

1
(1.8) el < ol < Alloll” Vo € R™

This follows, for example, from the separability of all convex, compact symmetric
subset of R" equipped with the Hausdorff metric. Enumerate N as || - ||1, || - |2, - - -
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Now define E; to be those regular points of f for which ([.§) is satisfied with
I-"'=1"1ll1and | - || = |Df|(z), a Borel set. Define E; to be those regular points
of f notin F; for which ([.§) is satisfied with || - ||' = || - ||z and || - || = |Df|(z),
a Borel set. Repeating inductively we obtain a Borel decomposition of the regular
points of f.

Now fix i € Nand z € E;. If y € S is sufficiently close to = then

Sslly = alli €SIy — ) < d(7 ). £(2)
(1.9) SADf()(y = @) < X[ly — @i
The map
R(x) := sup{r : extreme inequalities in ([.9) hold Vy € U(z,r) NS}
is upper semi-continuous. Thus, we may decompose E; into countably many Borel
sets £/ on which R(z) > 1/;. By further decomposing each E; into sets of diameter
at most 1/, we see that f is A>-bi-Lipschitz on each set of the decomposition. [

The set of irregular (non-regular) points of a Lipschitz function are handled
with the following Sard type result.

Lemma 1.12. Let S C R™ be Borel and f: S — X Lipschitz. If I C S is the set of
irregular points of f, then H™(f(I)) = 0.

Proof. The set of points where f is not differentiable has measure zero, as is the
set of non-density points of S. The image of these points under f has Hausdorff
measure zero (see Exercise [.5). Therefore it suffices to prove that the set I of points
where |D f|(x) exists but is not a norm satisfies H"(f(I)) = 0. Second, it suffices to
prove the result for S bounded, say S C B(0,1).

Fix € > 0. If z € I then there exists v, € S"~! with |Df|(z)(v,) = 0. That is,
there exists r,, > 0 such that

(1.10) (£ (), £(2)) = IDfI(@)((y = 2) - vzl < elly — 2l + |z — )
forall y,z € B(x,r;) NS. In particular, f(B(z,r) N I) is contained within the er
neighbourhood of

f(B(z,r)NIN(z+vy))
forall 0 < r < r,. Therefore, f(INB(z,r)) is contained within [¢~("~1)] many balls
of radius er. In particular,
(1.11) Lip(fyer (f (LN B(z,7))) < [e V] (2er)™ < 4"er™.

Fix 6 > 0. Consider the collection of balls B of the form B(z,r) with € T and
r < min{r,,d/ Lip(f)e}. Then B is a Vitali cover of I. Applying the Vitali covering
theorem! gives a disjoint sub-collection B(z1,71), B(zz,73), . .. with

L (I\ U B(mi,ri)> =0.
i€N
Applying ([L.TT) to each B(z;,r;) gives

H3(f(1) <D HF(FUI O Blai ) <4 erf,

ieN ieN
However, the B(xz;,r;) are disjoint subsets of B(0,1 + d) andso >, r}* < (14 0)™.
Since € > 0 is arbitrary, this shows that %3 (f(I)) = 0 and hence H"(f(I)) =0. O

Combining Lemmas [.T] and [.T7 gives the following.

TWe will prove the Vitali covering theorem for doubling measures in Theorem 9.
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Corollary 1.13. Let X be complete and E C X n-rectifiable. For any € > 0 there exist
norms || - ||; on R™, Borel sets A; C R™ and (1+ €)-bi-Lipschitz maps f;: (A;, |- ]l:) = X

such that
H" (E\ U fi(Ai)> =0.
ieN
Remark 1.14. From Corollary [.T3 one can deduce area formulae for rectifiable met-
ric spaces, see [[[f, Theorem 7] and [P, Theorem 5.1, Theorem 8.2].

We conclude this section with Kirchheim’s theorem on the local structure of
rectifiable metric spaces.

Theorem 1.15. Let X be complete and E C X be n-rectifiable. For H"-a.e. x € E there
exists a norm || - ||, on R™, a map ¢, : E — R™ and a compact A,, C E such that

(1.12) lim 22 (B@:1) 1 4q)

=1
r—0 (27’)”

and

(1.13) lim sup {‘1

r—0

— ”¢x(y3i(y7i;(z)”z yFze AN B(x,r)} =0.
Proof. It suffices to prove the result for E = f(S), for S C R” Boreland f: S — X
Lipschitz. For each k € Nlet S = U;enEF and norms || - ||¥ be obtained from
Lemma [[.TT for some decreasing \;, > 1 with Ay — 1. Let G¥ be the set of Lebesgue
density points of each EF.If S' = Ny U; G¥, we claim the conclusion holds for any
f(a) € f(S"), which suffices since H"(S \ §’) = 0.

To this end, for each k € Nlet i(k) € N be such that a € G¥. The conclusion of
Lemma [[.TT implies that

Il <0 Ml < M ll - e

Ak Akt1
for all ¥ > k > 1. Therefore, there exists a limiting norm || - ||, = limg_oo || - |%-
Moreover,
1
ly = zlle < d(f (), f(2)) < MeAesally — 2l
/\k)\k

forally,z € E . Since a is a density point of each E ), there exist r; — 0 such
that

H*(B(a,r) N E'™) > (1 - 1/k)H"(B(a, 7))

forall0 < r < r,. Weset 4, = Ef(k) N B(a,ri) \ B(a,rg+1). By reducing the
measure of each Ay, slightly, we may suppose that they are compact. Therefore,
A = U Ay U{a} is compact and

H"(B(a,r N A))

(1.14) H(Bla.r)

—1 asr—20
by construction.

Finally, define A, = f(A), a compact set. Lemma [.T] and ([.14) imply (@)
Also define ¢, = f~! on A, so that Lemma [[.T] implies ([CT3).

Remark 1.16. Theorem [[T5 allows us to define a tangent norm of E at almost every
x € F as (an equivalence class in the Banach-Mazur compactum of) || - || ;. See [[L6,
Definition 10].
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Corollary 1.17. If E C X is n-rectifiable with H"(E) < oo then
H*(B(z,7) N E)

O"(E,x) := lli% @ —1
for H"-a.e. v € E.
Proof. The fact that
07 (B, 2) = liminf "o P& OE)
r—0 (27‘)"
is given by Theorem ['T5. The fact that
(1.15) O™*(E, ) := limsup H"(B(z,r) N E) _ )

r—0 (2r)™ N

for H™(E) < oo is a standard property of Hausdorff measure, see Lemma B.11. [J
1.5. Exercises.

Exercise 1.1. Suppose that F is a collection of L-Lipschitz functions f: X — R.
(1) Show that sup F: X — R defined by

sup F(z) =sup{f(z): f e F}

is also L-Lipschitz. )
(2) Let AC X and f: A — R be L-Lipschitz. Show that f X — R defined by
f(z) = sup{f(a) — Ld(z,a) : a € A}
is an L-Lipschitz extension of f.
(3) Show that f is the (pointwise) smallest L-Lipschitz extension of f to X.
(4) What can be said about f: X — R defined by

f(z) = inf{f(a) + Ld(z,a) : a € A}?
Exercise 1.2. Let X,Y me metric spaces, A C X and f: A — Y Lipschitz. Suppose that

Y is complete.

(1) Forany x € A, the closure of A, show that there exists a unique y,, € Y such that,
if x, — x, then f(x,) — y.
(2) Extend f to A by defining f(x) = y,. Show that f: A — R is Lip(f)-Lipschitz.

Exercise 1.3. Let X be a separable metric space and x,, a countable dense subset of X. For
each x € X define the sequence 1(z) € {s by
L('r)’ﬂ = d($7 :ETL) - d(ZCn, LL'()).

(1) Forany x € X, show that v(x) is bounded by d(z, x).
(2) Show that v is 1-Lipschitz.
(3) By considering x,,,, — «' € X, show that v is an isometry.

Exercise 1.4. (1) Let f: S C R™ — R be Lipschitz and x a density point of S. Show
that there can be at most one D f (x) € L(R™, R) such that

b W) = @) = Di@)y — )

=0.
Soy—x ||y*x|\

Hint: being linear, D f (x) is determined by the behaviour of f near to the coordi-
nate axes. More precisely, if y — x with
[7es (y — @)

— 0,
ly — ||
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show that
- fly) — f(=)
Df(z)(e;) = lim ————~=.
f(z)(e;) = lim Ty =l
(2) The situation is less simple for norms. Give an example of two (distinct) norms
that agree on the coordinate axes.
(3) Let f: S C R™ — X be Lipschitz and x € S. Supposev € S" Land y —
with
Ire =2l _,
lly — ||
Show that, if it exists,

. d(f(y), f(z))
Df|(z)(v) = im ——————.
Df\)(w) = im TP
(4) Prove that the metric derivative of f (if it exists) is unique at any density point of
S.
Note that L™-a.e. x € S is a density point of S even if S is not measurable, see Exer-

cise B.§.

Exercise 1.5. Let f: X — Y be a Lipschitz function between two metric spaces. For
S C X and s > 0 show that

H(£(5)) < Lip(f)*H(S).

2. SUFFICIENT CONDITIONS FOR RECTIFIABILITY: THE 1-DIMENSIONAL CASE

Classically, one uses the ambient structure of Euclidean space, in particular the
characterisation of rectifiability in terms of Lipschitz graphs, in order to establish
sufficient conditions for rectifiability in terms of cones, see [[I§, Section 15]. No-
tably, this is the starting point for the proof of the Besicovitch-Federer projection
theorem. Since this structure is not available to us, we introduce sufficient condi-
tions on a set E that rely, in some sense, on the topology of E.

We begin with a classical result of Eilenberg and Harrold [[T] which covers the
casen = 1.

Lemma 2.1. If E C X is connected and 0 < r < diam(F)/2 then
HY(ENB(z,r)) >r VYz€E.
Proof. Pick z € E and let ¢(y) = d(y, x) for ally € E. Then ¢ is 1-Lipschitz and so
HY (¢(E N B(z,7))) < HY(EN B(x,7)).

On the other hand, ¢(ENB(x,r)) contains an interval of length r (see Exercise £.1),
giving the required lower bound. O

Definition 2.2. Let £ C X, z,y € E and € > 0. We say that x, y are e-connected in
E if there exist 1, ..., z, € E with 2; = z and x,, = y such that d(z;,x;41) < € for
each 1 < ¢ < n. In this case, {z1,...,z,} is called an e-chain joining x to y in E.

Proposition 2.3. Let C C X be a compact and connected metric space with H'(C) < oo.
Then C'is connected by injective rectifiable curves.

Proof. Note that the statement of the proposition is invariant under isometries.
Therefore, by Lemma [, we may suppose that C' C {... This gives us linear struc-
ture that we will use to construct Lipschitz curves.

Fore > 0and z € C let

C" ={y € C: z,y are e-connected in C}.
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Then C” is both open and closed in C' (see Exercise E2) and hence C’ = C'. That s,
for every x,y € C, there exists an e-chain {xy, ..., z,} joining z to y. Moreover, by
removing points from the chain if necessary, we may suppose that

d(z;,z;) > ¢ whenever |i —j| > 1.

This implies that distinct balls B(z;, €/2) and B(z;, €/2) are a positive distance apart
whenever i, j are both even or both odd. Therefore

H(C) = Y H(CNB(xi,€/2)).
i odd
and hence, if ¢ < diam(C), Lemma ]| gives

1 N €
H'(C) > Z 5"
i odd
Combining this with the analogous inequality for even indices gives

21 (C) > ng
Now, because C' C ¢, we can construct a 1-Lipschitz curve
Ye: [0,4HY(C)] = X

connecting x to y by joining each z; to z;;1 using line segments. In particular, ~,
lies in the e-neighbourhood of C. Since C' is compact and the ~, are equicontinu-
ous, Arzela-Ascoli gives a Lipschitz curve + joining = to y in C. By shortening - if
necessary, it may be taken to be injective, see Exercise Z4 O

Theorem 2.4. Let C be a compact, connected metric space with H'(C) < oo. There exists
a surjective 1-Lipschitz curve v: [0,2H*(C)] — C.

Proof. Throughout the proof we will make extensive use of Proposition £.3 without
explicit reference.

Since C' is compact, there exist zg,yo € C with d(z,y) = diamC =: dy. Let
7o C C be an injective, Lipschitz curve connecting x to y. We inductively construct
a sequence of curves v, C C such that

e For each i < n, v, N~; is a single point x,,;
e The other end point y,, of v, satisfies

dy:=d | = i |-
n <yn, U %) max d (ac, U %)
<n <n
If d,, = 0 for some n then we have finitely many curves and stop. Otherwise, by
Lemma 1, H!(v,) > d,, and so

D di <> H () < HYO).
i>0 i>0
For each i € Nsetl; = H'(v;). By Exercise £.4, we know that the arc length
parametrisation of v; is defined on an interval of length [;. We construct curves I';
as follows. On [0,ly] define I'y to be the arc length parametrisation of v, and on
[lo, 2lp] let T'y equal the reverse parametrisation of . Thus I'y is a loop, beginning
at xg, travelling to yo and returning to zo. Next, we extend I'y to a curve I'; by
adding a loop that begins at z; €  travels along v; to 3, and then returns to x; by
travelling along v; in reverse. If we use the arc length parametrisation of 7, then
I’y is defined on [0,2(ly + {1)]. Inductively we construct I';,, a 1-Lipschitz closed
loop on [0,2(>,,, l;)] whose image contains the image of each v;, 0 < i < n.
After extending each I',, to be constant on (3 i<n lis 2 ;>0 lil, we note that T';, is a
Cauchy sequence in C([0,Y", 1], C). Indeed, for any ¢ € [0,Y"..,d;] and n < m,



RECTIFIABLE METRIC SPACES 11

d(Ty, (), T (t)) <231 1;. Thus T, converges to some ~ uniformly. In particular,
~ is 1-Lipschitz.
Finally, by construction,

C C B(Fn,dn) CcB (U Fi7dn> )

€N

for each n € N. Since d,, — 0, C is contained in the closure of v. Finally, since ~ is
compact, we have C' = . O

Remark 2.5. Note that, except for countably many z € C, v~ ! () is at most 2 points.
This is sharp, see Exercise £.3.

2.1. Exercises.

Exercise 2.1. Let E C X be connected, x € E and 0 < r < diam(E)/2. For ¢(y) =
d(z,y), show that ¢(E N B(z,r)) contains an interval of length r.

Exercise 2.2. Show that C' in the proof of Proposition .3 is open and closed in C.

Exercise 2.3. Let C be connected with H'(C) < oo. Show that C is totally bounded.
Hint: For 0 < e < diam(C) suppose we inductively choose

n—1

x, € C\ U B(x;,€).

=0

whenever the set is non-empty. Use Lemma P to show that the process terminates after
finitely many steps.

Therefore, in the hypotheses of Proposition .3, it would suffice to assume that C is a
complete and connected metric space with H'(C) < oo.

Exercise 2.4. Let vy: [0,lo] — X be Lipschitz and define

N ={(s,8) € [0,1]* : s < £, 7(s) = ¥(8)}.

(1) Show that m = max{|s —t| : (s,t) € N} exists.

(2) If o is not injective then m > 0. Let s < t € [0, o] with |s — t| = m and define
a Lipschitz curve 1 : [0,lo — m] — X by cutting out the loop defined by ||, 4.
Note that v, has the same end points as .

(3) Assuming this process never terminates, inductively construct curves

Yo [0,1n] = X

with the same end points as o and let | = lim,, o l,,. Show that vy |j ;) con-
verges uniformly to some .

(4) Prove that ~y is injective.

(5) Suppose that ~y: [0,1] — X is injective. Prove that

l
H(([0,1))) = / 4ldet.

Exercise 2.5. For n € N give an example of a compact connected metric space X,, with
HY(X,) < oo such that, for any ~ as in the conclusion of Theorem 4, there exists =
with card y~!(z) = n. Give an example X for which infinitely many points have infinite
preimage.
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3. SUFFICIENT CONDITIONS FOR RECTIFIABILITY. HIGHER DIMENSIONS

David [[IU] gives conditions on an n-dimensional metric space X that ensures
that a Lipschitz function f: X — R™ may be decomposed into an explicit number
of bi-Lipschitz pieces. This result was one of the corner stones of the development
of uniform (or quantitative) rectifiability.

In this section we prove the following theorem, which shows that a condition
similar to David’s provides sufficient conditions for rectifiability. Note, however,
that the proof of this qualitative case is substantially simpler than the quantitative
results of David. To state our theorem, we require the following definitions.

Definition 3.1. For s > 0 and A C X, the upper and lower s-dimensional Haus-
dorff densities are defined as

. H((B(z,r) N A))
0*%(A,r) := limsu
W) =l ™y
and
s — Bming L (B(z, 1) N A))

O (A, x) := IIITILI(I)’If CBE
Theorem 3.2. Let f: X — Y be Lipschitz, H*(X) < oo and, for H*-a.e. x € X, suppose
that

, H(B(f(x), Aer) \ f(B(z,7))) _ 1.,

(3.1) llTjélp 2hor)s < 26*(Y,f(x))

for some 0 < A, < 1. Then there exists a countable Borel decomposition X = N U, X;
with H?(N') = 0 such that each f|x, is bi-Lipschitz.

First we demonstrate a key idea of David [[[0] that we will use in the proof of
Theorem B.2.

Definition 3.3. For0 < k < A < land 0 < ¢ < 1,a function f: V C X - Y
satisfies the condition D(\, k,§) onaset S C V if, for all r < diam S,

H(B(f(2), Ar) \ f(V N B(x,7))) < %ﬁHS(B(f(x% RT)).

Lemma34. Let 0 < k < A< 1,0 < & < land suppose f: V C X — Y satisfies
D\ Kk, &) on S CV. Letx,y €S, setr=d(x,y)/4and suppose

H(B(f(x), k) = H(B(f(y), k7).

if

(32) (VN B@.r) N fV N By.) < (1— K (B (f(x),nr)
then

(3.3) p(F(@), F) = (A — ) DEY)

4
Proof. Suppose that (B.3) does not hold. Then by the triangle inequality,
B(f(z),Ar) N B(f(y),Ar) > B (f(x),kr) .
Combining this with D(\, , §) negates (B2). Indeed, it gives
H(F(V N B(a,r)) 0 f(VN0Bly,r))) > H* (B (f(z),Ar) N B (f(y),Ar))
— &M (B (f(2), k7))
> (1 =OH* (B(f(z),kr)).
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The remainder of the proof of Theorem B.7 involves measure theoretic argu-
ments to show that the domain of f may be decomposed into a countable number
of sets satisfying D(\, &, &).

We first prove some standard covering theorems and properties of the Hausdorff
measure. We will use B(z, ) to denote the closed ball in a metric space X centred
at x € X with radius r > 0. Since the centre and radius of a ball are not uniquely
defined by its elements, formally by a “ball” we mean a pair (z,7) € X x (0,00),
but in practice we mean the set of its elements. For a ball B and A > 0 we write AB
for the ball with the same centre as B and A times the radius.

Lemma 3.5 (Vitali covering lemma). Let X be a metric space and B an arbitrary collec-
tion of closed balls of uniformly bounded radii. There exists a disjoint sub-collection B’ C B
such that any B € B intersects a ball B’ € B’ with

rad B’ > rad B/2.

In particular,

U sB> |J B

BeB’ BeB

Proof. For eachn € Z let
B,={BecB:2" <rad B < 2""'}.

Since the balls in B have uniformly bounded radii, the 5,, are empty for alln > N,
for some N € N. Let By be a maximal disjoint sub-collection of By. That is, the
elements of BY are disjoint elements of By and if B € By, there exists a B’ € By,
with BN B’ # . (In general such a maximal collection exists by Zorn’s lemma.
See also Exercise B.2.) Let B}, _; be a maximal collection such that By U Bj_; isa
disjoint collection. Repeat this for each i € N, obtaining a maximal collection B}, _,
such that Byy U ... U B)y_, is a disjoint collection, and set B’ = |J,,  B},-

Now suppose that B € B, say B € B,,. Thenby construction there exists B’ € BY,
for some m > n with BN B’ # (. In particular, rad B’ > rad B/2.

The final statement of the lemma follows from the triangle inequality. O

Definition 3.6. Let X be a metric spaceand S C X. A Vitali cover of S is a collection
B of closed balls such that, for each x € S and each € > 0, there exists aball B € B
withrad B < eand x € B.

Proposition 3.7. Let X be a metric space, S C X and suppose that B is a Vitali cover of
S. Then there exists a disjoint B’ C B such that, for every finite I C B,

s\Usc |J sB
Bel BeB\I
In particular, if B' = {By, Ba, ...} is countable (for example, if X is separable), then
S\|JBic 5B
i=1 i>n
foreachn € N.

Proof. Note that we may suppose B consists of balls with uniformly bounded radii.
Let B’ be a disjoint sub-collection of B obtained from Lemma B.5. If I C B’ is finite

then
C .= U B

Bel
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is closed. Therefore, if x € S\ C, since B is a Vitali cover of S, there exists B € B
with z € B such that BN C = (). However, B must intersect some B’ € B’ with
rad B’ > rad B/2, and so « € 5B’. That is, « belongs to

U sB,
BeB\I
as required. O
Definition 3.8. A Borel measure ;: on a metric space X is a doubling measure if there
exists a C}, > 1 such that
0 < pu(2B) < Cupu(B) < o0
for all balls B C X.

Of course, we cannot mention covering theorems without proving the Vitali cov-
ering theorem.

Theorem 3.9 (Vitali covering theorem). Let 1 be a doubling measure on a metric space
X and let B be a Vitali cover of a set S C X. There exists a countable disjoint B’ C B such

that
,u(S\ U B) =0.

Bep’

Proof. First note that it suffices to prove the result for S bounded, say S is contained
in some ball B. We may also suppose that each B € B is a subset of 2B.
Let B’ be a disjoint sub-collection of 5 obtained from Proposition B.7. Note that
B’ is countable. Indeed, for each m € N, at most m,u(2B) balls B € B’ can satisfy
w(B) > 1/m.
Enumerate B’ = {By, Bo, . ..}. Since the B; are disjoint subsets of 2B,
> u(Bi) = 0.
i>n
By the conclusion of Proposition B.7,
S\|JBic 5B
i=1 i>n

for each n € N. Since 1 is doubling, ;(5B;) < Cﬁ,u(Bi) for each i € Nand so

p (S\ OB) <CY> uBi) =0,

i>n
as required. O
Corollary 3.10. Let i be a doubling measure on X and S C X. Then for y-a.e. z € S,
p(S N B(z,r))
p(B(z,r))
Such an x is called a density point of x.

—1 asr —0.

See Exercise B.§ for the proof.
Next we apply the covering theorems to Hausdorff measure.

Lemma 3.11. Suppose that s > 0and A C X with H*(A) < oc. Then
270 <O (A ) <1
for H"-a.e. x € A.
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Proof. The setof x € Awith ©*%(A,z) < 27° is a countable union countable of the
sets

Ss={zec A: H* (AN B(z,7)) < (1 =8)r* V0 < r < 6}
Thus, for the first inequality, it suffices to show that H*(S5) = 0 for all § > 0.

Fix d,¢ > 0. We may cover Ss by sets E, Es, ... such that, for each i € N,
diam E; < ¢, Ss N E; # and

> diam Ef < H(S;) + €.
ieN

For each i € Nlet z; € S5 N E; and set r; = diam F;. Then

H(S5) <Y H(SsNE) <Y H(ANB(xi, 7))
ieN ieN
<(1-0)) diam E; < (1—6)(H*(Ss) +€).
ieN
Since € > 0 is arbitrary and ¢ > 0, this implies H*(S5) = 0, as required.

For the second inequality, since 7* is Borel regular (see Exercise B1)), it suffices
to assume that A is Borel. As before, given § > 0, it suffices to prove that

S:={reAd:0"°(4,z) >1+6}
satisfies H*(S) = 0. Fix e > 0 and let U D S be open with
HI(ANU) <H(S)+e

(which exists by the outer regularity of the measure H°|4). Let B be the collection
of balls B centred at a point of S with rad B < e such that B C U and

(3.4) HY(ANB) > (1+0)(2rad B)*.

This is a Vitali cover of S. Let B, be obtained from Proposition B.7.
Since H*(S) < oo, S is separable (see Exercise B.f) and so B, = {Bi, B, ...} is
countable and the conclusion of Proposition B.7 states that

s\UBiclJsB:
i€N i>n
for each n € N. Since diam B; < ¢ for each ¢ € N, the B; and 5B; may be used to
estimate H5,.(S). For each n € N we obtain

j0e(8) <D (2rad B;)* + > (10rad B;)*

€N >n
H* (AN B;) H (AN B;)
< A el A B el 7
*% 1o 7 Z; [

where the second inequality follows by (B-4). Since the B; are disjointand H*(4) <
0o, the second term converges to 0 as n — oo. Since the B; are subsets of U we
obtain

s HI(ANU)  H(S)+e
< <
o) S S < T
Since € > 0 is arbitrary, this implies H*(S) < H*(S)/(1 + §) and hence H*(S) = 0,
as required. O

Lemma 3.12. Let X be a metric space, s > 0 and let A C X be H*-measurable with
H*(A) < co. Then

0" (A,z) =0
for Hé-ae. x & A.
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Proof. It suffices to show that, for t > 0, the set
S={zeX\A:0""(A,x) >t}

satisfies #°(S) = 0. Fix e > 0. Since A is H°-measurable, ?| 4 is Borel regular.
Therefore, since #*|4(S) = 0, there exists an open U D S with

HI(ANU) = H¥|4(U) < e.

For each z € S and § > 0 there exists a ball B centred on x with rad B < § such

that
H*(AN B)

(2rad B)®
By Lemma B3 there exists a disjoint collection B of such balls such that

sc |JsB
BeB

> 1.

Since H?®(A) < oo, A is separable and each of these balls contains a point of A, B is
countable. Therefore

tH35(S) <t > (2rad5B)* <5° > H(ANB) <5H(ANU) < 5.
BeB BeB
Since 4, € > 0 are arbitrary, this completes the proof. O

We also require a version of the coarea formula.

Lemma 3.13. Let K be a compact metric space and g: K — Y Lipschitz. For any s > 0,
| cardla™ ) ey < e ()

Proof. Since K is compact,

f(y) = card(g™(y))
is a Borel function. Indeed, for § > 0 define

fs(y) =max{n € N: 3zy,...,2, € g~ '(y) with |lz; — x;]| > V1 <i#j<n}
Then f5; monotonically increases to f as 0 — 0. Since K is compact, the fs are lower
semi-continuous and hence f is Borel. Moreover, by the monotone convergence

theorem, it suffices to bound the integral of each f;s.
Fix § > 0 and decompose K into disjoint sets E1, Es, ... with diam E; < §. Then

fs(y) < card({i: E; N g™ " (y) # 0}).

Therefore
/fad%ﬁé/ D X{Gw)Eing - 20y IH
Y Y ieN
= Z/ X{(iy):Eing = (v)#0y A}
ieN 7Y
<Y HUg(E)) <Y HUED) = H(K)
ieN €N
as required. O

The final result we require in order to prove Theorem .7 is the folowing special
case of the Lusin-Novikov theorem from descriptive set theory, see [[I5, Exercise
18.14].

Lemma 3.14. Let K and Y be compact metric spaces and f: K — Y Borel. Suppose that
card f~1(y) < oo for everyy € Y. Then there exists a Borel function g: f(K) — K such

that K' := g(f(K)) is Borel and f(g(y)) =y forall y € f(K).
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Proof. First note that, for each n € N,
Y :={yeY :card f(y) <n}

is Borel. Indeed, for n = 0 this is immediate and for n > 1 we have

1
Y, = U{yGY:Ele,...,mneffl(y), d(z;, x;) > z 1<i#j5<n}.
keN

Since f is continuous and K is compact, each term in this union is a closed subset
of f(K') and hence Y, is Borel. Consequently,

Y, :={y €Y :card f'(y) = n}

is also Borel, as are the closed subsets

Yi.={yeY:card f(y) = n, d(z ') > %Vm £2' € f 1y}

Moreover, f(K) is covered by the countable union of the Y;¥, k,n € N.

For fixed k,n € Nlet By,..., By be balls of radius 1/k that cover K. Then the
sets

Y,f,i ={yeYF:.card f}(y)NB; = 1}

cover Y,¥ and are closed. Define g: f(K) — K on each Y,¥, by mapping y to the
unique element of f~!(y) N B;. Then g is continuous on each Y,{f , and hence Borel.

Finally, g(f(K)) is a countable union of sets of the form f~!(Y,¥,) N B;, each of
which are Borel. ]

Proof of Theorem B.2. First let V' C X be Borel and note that (B1]) holds for the
function f|y and for H®-a.e. x € V. Indeed, for H®-a.e. z € V, Lemma B.12,
0*%(X \ V,z) = 0 and for such an z,

HA(B(f(2), Ae) \ f(V N B(z,7))) HA(B(f(2), Aet) \ f(B(2,7)))

li <l
P (2hor)® =P (@)
. L¥H3(B(z, )\ V)
+ lim su
r—0 P (2>\xr)s
1 S LS *,8
(35) < SOV, f(@) + 1 O (X \ V)

A consequence of (B.5) is
(3.6) H(V)>0=H(f(V))>0.

Now suppose H*(V) > 0. By Lemma B3, for H*-a.e.y € Y, card f~!(y) < oc.
Hence, by (B.§), for H*-a.e. z € V,

(3.7) card{z' € V : f(z') = f(2)} < <.

Let K C V be a positive measure Borel set for which (B.7) holds for all z € K. By
Lemma B.T4, there exists a Borel function g: f(K) — K such that V' := ¢g(f(K)) is
Borel and f(g(y)) = y forally € f(K). By (B-g), H*(f(V')) = H*(f(K)) > 0 and
hence, since f is Lipschitz, H*(V’) > 0.
Note that if z € X satisfies (B.]])), then it also satisfies (B-]]) forall 0 < A < A,.
Fori e Nlet1 > \; \, 0 and define S; to be the set of x € V' for which
HA(B(f(x), \ir) \ f(V' 1 B(z,7))) s H(B(f(2), 1))

1
< inf —(1-MX\
0<S:1£)\i (QA'LT)Q 0<%r’1/l<>\i 2 ( ) (27”/)8

Then, by (B.5), the S; monotonically increase to a full measure subset of V'. There-
fore, there exist i € Nand S’ C S; with H*(S") > 0 and diam S” < A;. For any 0 <
r < \;, setting 7’ = (1—A?)\;r shows that f|y satisfies D(\;, (1 —=A2)\;, (14+X;) %)
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on S'. Since f|y is injective, (B-2) holds for all z,y € S" and hence the Lemma
implies that f|g is bi-Lipschitz.

The bi-Lipschitz condition extends to the closure of S’. Hence S’ NV is a Borel
subset of V' of positive measure on which f is bi-Lipschitz. Since V' is an arbitrary
Borel subset of positive measure, the conclusion follows by Exercise B3 O

Remark 3.15. That the converse to Theorem B.2 is true. Namely, if X is n-rectifiable
then there exist countably many Lipschitz functions f and R > 0 for which (B.1))
holds with A = 1 (with respect to some norm). Indeed, the ~; from Corollary [.T3
are such functions. If the rectifiable set is a subset of Euclidean space, finitely many
Lipschitz functions suffice (and may be chosen to be the orthogonal projection onto
the span of n coordinate axes).

Theorem B.2 is the starting point of the theory of rectifiability in metric spaces,
leading to characterisations given in [B, f, /]]. Recall that a subset of a complete
metric space is residual if it contains a countable intersection of open dense sets. A
‘H"-measurable subset S of a metric space X is purely n-unrectifiable it H" (SNE) = 0
for all n-rectifiable £ C X.

Theorem 3.16 (B. [H], B, Orponen, Weigt [&]). Let X be a complete metric space and
S C X purely n-unrectifiable with H"(S) < oo. The set of all 1-Lipschitz f: X — R"
with H™(f(S)) = 0 is residual. Conversely, if E C X is n-rectifiable with H"(E) > 0,
the set of 1-Lipschitz f: X — R™ with H™(f(E)) > 0 is residual.

This may be seen as a counterpart to the Besicovitch-Federer projection theorem
[I8, Theorem 18.1]. Recent work with Taka¢ [B] shows that the converse statement
may be improved under hypotheses on X; on the other hand, in some circum-
stances it is impossible to improve the converse statement.

3.1. Exercises.

Exercise 3.1. Let X be a metric space and s > 0. A measure ;i on X is Borel regular if
for every S C X there exists a Borel B > S with u(B) = u(S).

(1) Show that H?° is Borel regular. Hint: first show that in the definition of H?, we
may take F to be the collection of closed sets.

(2) We are usually interested in H?| 4 for some A C X. Show that for any A C X,
H?| 4 is a Borel measure.

(3) Now assume that A C X is H*-measurable with H*(A) < oco. Show that H*| 4
is Borel reqular. Hint: show that there exist Borel sets B D> A D B’ with H*(B \
B’) =0.

Exercise 3.2. Let X be a separable metric space. Show that for any collection of balls, there
exists a maximal disjoint sub-collection.

Exercise 3.3. Show that the 5r covering Lemma may not be true if the radii are not uni-
formly bounded.

Exercise 3.4. Let i be a finite Borel measure on a metric space X. Prove that for every
Borel B C X,

(3.8) w(B) = sup{u(C) : C C B closed}
and
(3.9) w(B) =inf{u(U) : U D B open}.

Property (B8) is called inner regularity by closed sets and (B9) is called outer regu-
larity by open sets.
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Hint: observe that it suffices to show that all Borel sets satisfy (B.8). Show that the set
{BC X :Band X \ B satisfy (B8)}

is a o-algebra that contains all closed subsets of X.

Show that a o-finite measure (1 is inner reqular by closed sets. Show that a o-finite
measure (i is outer regular by open sets if there exist open sets U; C X with u(U;) < oo
foralli € Nand X = J;cy Us. Give an example of a o-finite i that is not outer regular
by open sets.

Prove that a o-finite Borel reqular measure on a complete and separable metric space is
inner regqular by compact sets.

Exercise 3.5. Let i be a finite measure on a set X. Let S be a collection of p-measurable
subsets of X such that, for each p-measurable S C X of positive measure, there exists
S" e Swith u(S") > 0and S" C S. Show that there exists S; € S with

y(X\USJ:&

ieN
Exercise 3.6. For s > 0 let X be a metric space with H*(X) < oo. Show that X is
separable.

Exercise 3.7. Extend Lemma B.13 to the case that g: X — Y with X complete and sepa-
rable.

Exercise 3.8. (1) Suppose that i is a doubling measure on X and B C X is Borel.
Use Theorem B.9 to show that

(BN B(z,r)) {1xeB

M aB@r) |0 a¢B

for p-ae. x € X.

(2) Suppose that S C X (not necessarily pi-measurable) and that B D S is p-
measurable with (1(S) = p(B). Show that u(S N M) = p(B N M) for all
u-measurable M C X.

(3) Suppose that 1 is an doubling Borel regular measure and that S C X. Show, even
if S is not p-measurable, that

u(S 0 B(x,r))
W(Bz,1)) —1 asr—0

for p-ae. x € S.

4. CONVERGENCE OF METRIC MEASURE SPACES

Classically, rectifiable subsets of Euclidean space are characterised by the ex-
istence of an approximate tangent plane at almost every point. More precisely, let
E C R™ satisfy H"(E) < oo. Then FE is n-rectifiable if and only if, for H"-a.e.
x € E, there exists an affine subspace V,, C R™ such that
H"(EN B(z,r)\ Vz)

,rTL

(4.1) =0

as r — 0. See [[[8, Theorem 15.19]. Stronger statements implying rectifiability are
given by Besicovitch [9], Marstrand [[I7] and Mattila [I9] by allowing the approx-
imating tangent plane to depend on r; the tangent may rotate as one zooms into F.
See [[I8, Theorem 16.2].

Analogous statements hold for rectifiable subsets of a metric space. However, in
order to state the results, we must understand what we mean by a tangent in this
setting. Fundamentally, this requires us to define a notion of convergence of metric
measure spaces.
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4.1. Convergence of metric measure spaces.

Definition 4.1. For a complete metric space Z define Chs(Z) to be the set of bounded
and continuous g: Z — R with bounded support. Also let M)..(Z) denote the set
of Borel regular measures on Z that are finite on bounded sets.

We say that 11, € Mjoc(Z) converges to 1 € Moc(Z), written p; — p, if

/gdui%/gdu
Z Z

Definition 4.2. A pointed metric measure space (X, d, i1, x) consists of a complete and
separable metric space (X, d), a Borel regular measure p € Mo (X) and a distin-
guished point = € spt p.

for all g € Cis(2).

Inspired by the notion of Gromov-Hausdorff convergence (defined below), we
can consider convergence of pointed metric measure spaces.

Definition 4.3. A sequence (X;,d;, i, ;) of pointed metric measure spaces con-
verges to a pointed metric measure space (X, d, i, z) if there exists a complete met-
ric space Z and isometric embeddings X; — Z, X — Z such that z; — x and
Wy — pin Z.

An point that will become very useful later is that this convergence can be metrised.

Fact. There exists a separable metric d.. on the set of isometry classes of all pointed metric
measure spaces that metrises the convergence in Definition E.3.

In this section we will prove the following theorem.
Theorem 4.4. Let (X;,d;, i, x;) be a sequence of uniformly doubling metric measure
spaces such that
(4.2) sup pi(B(z;, 1)) < 0.
i

There exists a pointed metric measure space (X, d, p, x) such that (after possibly taking a
subsequence),
(Xia dia i, Ii) - (X7 d7 M, I)

4.2. Hausdorff distance. In order to prove Theorem E.4, we must first discuss the
convergence of metric spaces. To do this, we first consider the convergence of sub-
sets of a fixed metric space.

Definition 4.5. Let X be a metric space. For C, D C X, define the Hausdorff distance
between C' and D as

du(C,D) =inf{r > 0: B(C,r) D D, B(D,r) D C}.
Lemma 4.6. For any metric space X, dy satisfies the triangle inequality on the power set
of X. Moreover, dy is a metric on Cy(X), the set of non-empty closed and bounded subsets
of X.
Proof. Let C, D, E C X and, for r,7’ > 0, suppose
(4.3) B(C,r) > D, B(D,r) > C, B(D,r") > E, B(E,r") D D.
Then, by the triangle inequality on X,

B(C,r+1") D> Eand B(E,r +1") D C.

Indeed, if e € E then there exist d € D with d(d,e) <" and ¢ € C with d(c,d) < r.

Thus d(c,e) < r + r'. Taking the infimum over all r,7’ > 0 satisfying (E3) gives
the triangle inequality for dy.
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To see that dy is a metric on C,(X), suppose that C, D € Cp(X), du(C,D) =0
and z € D. We need to show x € C. Since D C B(C,r) for every r > 0, there
exist z,, € C' with ,, — z. Since C is closed, « € C, as required. Finally, since the
elements of C,(X) are non-empty and bounded, dy is finite on G, (X). O

Proposition 4.7. If X is a complete metric space, then (C,(X), dn) is also complete.

Proof. Let C,, be a Cauchy sequence in Cp(X). As usual, by taking a subsequence
if necessary, we may suppose that dy(C,,,Cy,) < 27" for each m > n € N. First
fix 1 € C; and let x5 € C5 be such that d(z1,72) < 271, Proceeding inductively,
we select z,, € C,, with d(z,,_1,2,) < 27" for each n € N. Then z,, is a Cauchy
sequence in X and hence converges to some z € X. Now define

D, = U Ck7

k>n

a closed subset of X. Since z;, € D,, forall k > n, z € D,, for all n € N. Therefore,
C :=nN,D, is closed and non-empty.
Since dy(Cy,, Cr) < 27™ foreachm > n € N,

CccD,cCB(C,2™)
for each n € N. On the other hand, for m > n,
C, C B(Cn,27™) € B(D,n,27™) C B(C,247M).
Thus du(C, C,,) — 0, as required. O

Theorem 4.8 (Blaschke). If X is totally bounded then C,(X) is too. In particular, if X
is compact then Cy(X) is.

Proof. For ¢ > 0let F' C X be finite such that B(F,¢) D X and let F be the set of
non-empty subsets of I'. Then B(F,¢) = C,(X) (see Exercise £.3) and hence G, (X)
is totally bounded. O

4.3. Gromov-Hausdorff convergence. Gromov [[2, [3] introduced the idea of
comparing different metric spaces by first embedding them into a common met-
ric space and taking the Hausdorff distance between their images. This induced
a metric, the Gromov-Hausdorff distance between two bounded metric spaces. For
our discussion, we only require the notion of convergence defined by this metric,
which we now state.

Definition 4.9. A sequence X; of complete and bounded metric spaces Gromov—
Hausdorff converges to a metric space X if there exists a metric space Z and isometric
embeddings X; — Z, X — Z such that X; — X with respect to the Hausdorff
distance in X.

A key result of Gromoyv is the following compactness theorem [[I2].
Definition 4.10. A collection M of metric spaces is uniformly totally bounded if
sup{diam X : X € M} < o

and, for every € > 0 there exists N € N such that each X € M is covered by N balls
of radius e.

Compare the proof of the following proposition to the Kuratowski embedding
given in Lemma [[.§.
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Proposition 4.11. Let N; be a sequence of natural numbers and let S be the set of all
sequences n € N such that n; < N; foreachi € N. Let D > 0, ¢; = 27" and let S' be
the setof all f: S — R with || f||co < D and the following property: If n,n’ € S are such
that n, = n) forall 1 < k <, then |f(n) — f(n')| < 2¢;. Then S’ is compact.

Moreover, suppose that X is a metric space with diam X < D such that, for each i € N,
there exist x4, ..., zN, € X with

N;
X = | B(aw.«).
k=1

Then there exists an isometric embedding X — S’

Proof. Certainly S’ is a closed subset of all bounded functions on S and hence is
complete. It is also totally bounded: for any ¢ € N, the set of functions mapping
each n; with 1 < k < i to an element of ¢;{0, ..., [D/¢; |} (and all other nj to 0) is
a (finite) 2¢;-netin &'.

We encode any n € S asa pointin X as follows. Firstset y; = xy,,. If d(zy,,y1) <
€1 then set yo = z,,,. Otherwise set y2 = y1. We repeat this process iteratively: for
eachi € N, if d(zp,,yi—1) < €;—1 then set y; = x,,, otherwise set y; = y;_1. Then
y; forms a Cauchy sequence in X, which converges to some y. We set ¢(n) = y. By
hypothesis, e is a surjection.

For x € X now define ¢(z): S — R by

z)(n) = d(z, e(n)),
so that ||¢(z)|| < diam X < D. Moreover, by construction, if n,n’ € S are such that
n; =nj forall 1 < i < k then
d(e(n),e(n’)) < 2.
Consequently, by the triangle inequality,
() (n) — u(@)(n')] < 26

and so «(z) € S’. Also by the triangle inequality, ¢ is 1-Lipschitz. Finally, if z,y € X
and n € S is such that e(n) = z, then

e(z)(n) = u(y)(n)| = |d(z, x) — d(y, z)|,

and so ¢ is an isometry. O

Theorem 4.12. Let X; be a uniformly totally bounded sequence of compact metric spaces.
Then there exists a compact metric space X such that (after possibly passing to a subse-
quence) X; Gromov—Hausdorff converges to X.

Proof. Combine Proposition f.T1 and Theorem .3 O

Proof of Theorem f.4. First fix R € N and consider the sequence

(B(xi, R), ds, (1) | B(as,R)» Ti)-

By Exercise E.3 the Y; are uniformly totally bounded. By Theorem E.12, after pass-
ing to a subsequence, there exists a compact metric space Z and isometric embed-
dings Y; — Z such that Y; — X in Z. By taking a further subsequence, we may
suppose x; converges to some z € X.

By (E2) and the uniform doubling property, y;(Y;) is uniformly bounded. There-
fore, by the Riesz representation theorem, we may pass to another subsequence and
suppose that ()| p(z,,r) — 1 in Mioc(Z).

The final step is to repeat the first part of the argument, for each R € N, on the
spaces B(z;, R), and take a diagonal subsequence (this requires the fact that this
convergence is metrisable). O
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4.4. Exercises.
Exercise 4.1. Show that the Hausdorff distance between any set and its closure is zero.

Exercise 4.2. Show that X isometrically embeds into C,(X ) and that it’s image is closed.
Hence show that the converses to Proposition E.7 and Theorem E.§ are true.

Exercise 4.3. Complete the proof of Theorem E.3.

Exercise 4.4. Show that S C (IC,dgwn) is totally bounded if and only if it is uniformly
totally bounded.

Exercise 4.5. Let (X, d, i) be a C-doubling metric space. Show that there exists N € N,
depending only upon C, such that each ball B(x,r) in X may be covered by N balls of
radius r /2. That is X is a doubling metric space.

5. TANGENT SPACES OF POINTED METRIC MEASURE SPACES

Definition 5.1. For (X, d, u,x) € Mjoc and r > 0 let
d L
Tr X,d,/J,CC = <X7 ) ,$> .
Koo ) =\ X LB
A tangent space of (X, d, pi, z) is any (Y, p,v,y) € Mo for which there exist r; — 0

such that
TT(X7 d» ,LL, l’) - (Y7 P; v, y)

We write Tan(X, p, x) for the set of all tangent spaces to (X, i, x).
Proposition 5.2. Let X be a metric space and let . € Myoc(X) be doubling. For u-a.e.
xe€Xand R >0,
(5.1) {T,(p,x) : 0 < r < R} is pre-compact.
In particular, Tan(u, x) is a non-empty compact metric space when equipped with d,. and
(5.2) V8 >0, Ir, > 0s.t. du(Tr(p, ), Tan(p, ) < 6V0 < r < ry.
Proof. First note that, for any » > 0,
#Bayr (2, R) _ p(Ba(x, Br)) _ cilos, R

w(Ba(w,r)) — p(Ba(w,r)) ~ "
Here the subscripts on the balls indicate the metrics used to define the balls. Thus

{v(B(z,R)): (v,z) € T (p,z), 0 <r < R}

isbounded and the measures in 7). (1, ) are uniformly doubling. Thus Theorem 4
implies (p.1)).

By applying (p-]) to an arbitrary sequence r; — 0 we see that Tan(u, z) is non-
empty. To see that it is compact, for each j € N let (v;,y;) € Tan(u,x) and let
0 < r; < 1/j be such that

d*(TTj (:U'v CC), (Vja y])) < 1/]
By (p.1) there exists a subsequence r;, — 0 and a (v,y) € M such that

d. (T, (1,2, (1)) = 0.

In particular, (v,y) € Tan(u, ) and, by the triangle inequality, (v;,,v;.) = (,y),
as required.
Finally, given § > 0, the existence of such an r, is given by the contrapositive to

(B1). 0

Tangent measures were first defined, for measures on a fixed Euclidean space,
by Preiss [20]. Those tangent measures satisfy many important properties that we
now show also hold in our more general setting.
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Lemma 5.3. Let X be a metric space, jp € Mioo(X) and & € spt pu. Suppose that (Y, v,y)
is a pointed metric measure space and i, — 0 is such that

o () o0) -0

Suppose that x is a density point of E C X. Then for any b € sptuv, there exists by, € E

such that
I d
ds —— —bi |, (v,b) | — 0.
(Gt i) 0)

Proof. Let (Z,¢) be a complete and separable metric space for which there exist
isometric embeddings

d
(sptp, aw), (sptv,y) — (Z,()

such that (writing ;1 and x;, for the isometric copy of u € M, (X, %) and z re-
spectively) z; — y and
Mk
w(B(x,rx))

Also let Ej, be the isometric copy of (E, 4.

77"\7

Now let b € sptr and set R = 2((y, b). Since x is a density point of E,

 wk(Ex N B(zy, R)) . pu(EN Bz, Rry))

5.3 lim = lim =

( ) k—o0 pk(B(xk7R)) k—o0 /L(B(ZL’,RTk))
We claim that, for any b € sptv, there exists b, € Ej with (b, by) — 0. Indeed, if
not, there exists § > 0 such that B(b,d) N Ej, = 0 for infinitely many k. Exercise p.]]
then implies

— Vg

. tk(Ex N B(xy, R)) : pu (B(b, 9))
lim inf <1-limsup ——————~
S B R) i (B R))
B(b. &
MBGA)
v(B(y,2R))
since b € sptv. This contradicts (p.3) and so the claim holds. d

Proposition 5.4. Let (X, d, i) be doubling.
(1) Foranyxz € X and s > 0,
(Y, p,v,y) € Tan(X,d, pu,x) = (Y, sp,v,y) € Tan(X, d, , x).
(2) For p-ae. z € X,
(Y, p,v,y) € Tan(X, d, p, x) and (Z,(, N, z) € Tan(Y, p,v,y)
= (Z,(, A\, 2) € Tan(X, d, pu, ).
(3) For p-ae. x € X,
(Y, p,v,y) € Tan(X,d, p, ) and z € sptv = (Y, p,v, z) € Tan(X, d, u, x).

Proof. The first point simply follows from appropriately scaling the embeddings in
the definition of Tan(X, d, i, z). The second point then follows from the first and
Proposition p.2. The proof of the third point depends on the existence of d..

For n > 0 let A,, be the set of « € spt i1 for which there exist (v, y.) € Tan(u, x)
and b, € sptv, such that

de(Vay b2), Tr(pp, ) >n YO <71 <.
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Note that, if z ¢ U;enA, /4, then x satisfies the required conclusion. We suppose
that 11(A,) > 0 for some 7 > 0 and aim for a contradiction. Since d, is separable,
there exists £ C A, with u(E) > 0 such that

(5.4) de(Vesba ), (s bar)) < g

for every z, 2’ € E.
By Corollary B.I{ there exists a density point  of E. By Lemma p.3, there exist
by, € E be such that

- (gt ) et 0

Let k& € N satisfy r,, < nand

using (p.4) for the final inequality. This contradiction implies that we must have
wu(A,) =0foralln > 0. O

Remark 5.5. The above theory extends to tangents of asymptotically doubling metric
spaces, which satisfy the weaker hypothesis

. w(B(x,2r))
Hmsup = B r)

for p-a.e. x € X. In order to establish this, minor technical modifications to the
statement and proof of Theorem f.4 are required. Once this is obtained, Proposi-
tions p.2 and p.4 follow as above. By Theorem [.15, Hausdorff measure restricted
to a rectifiable set is asymptotically doubling.

We now return to rectifiable sets. A consequence of Theorem [[.T5 is the follow-
ing.

Theorem 5.6. Let (X, d) be a complete metric space, n € Nand E C X an n-rectifiable
set with H" (E) < co. For H"-a.e. x € E,

Tan(X,d, H"|p,x) = {(R™, || - [|, H"/2",0)}
asr — 0.
In fact, rectifiable metric spaces can be characterised via tangent spaces.

Theorem 5.7 ([B]). Let (X,d) be a complete metric space, n € Nand E C X a H"-
measurable set with H™(E) < oco. Suppose that, for H"-a.e. x € E, O} (E,z) > 0and
there exists a K, > 1 such that each element of Tan(X,d, H"|g, x) is supported on a
K ,-bi-Lipschitz image of R™. Then E is n-rectifiable.
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5.1. Exercises.

Exercise 5.1. Suppose that ji; — pin Myo.(Z) and x; — . Show that

(5.5)

and
(5.6)

w(U(z,r)) < liirgiglfui(U(xi, r))

w(B(z,r)) > limsup u,;(B(z;,1)).
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